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Abstract
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The forecast rules can be nonlinearly misspecified and thus induce
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eliminate this misspecification under the social learning algorithm
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Introduction

This paper considers the behavior of artificial agents who evolve their forecast
rules over time in a simple market environment. The forecast rules can be nonlin-
early misspecified and thus induce interesting dynamics in the single state variable.
Learning fails to eliminate this misspecification under the learning algorithm con-
sidered here.

The paper provides an illustration of Grandmont’s (1998) insight that local
instability is likely to arise if agents are allowed to temporarily extrapolate a variety
of non-linear trends that would not be warranted under rational expectations (i.e.,
under deduction if the agents knew the true model), but appear warranted by
the historical path of returns which are generated by the combination of model
fundamentals and expectations.

Background

There is a rich and growing literature on learning and adaptation in economic
contexts.! In this paper, I consider a very simple market environment in which the
temporary equilibrium value of the state variable in each period depends on agents’
expectations of the value of this variable in the following period. Agents base their
forecasts on recent experience, and update their forecast rules over time through a
process of experimentation and immitation.

In the model, there is a unique stationary rational expectations equilibrium
which is strongly E-Stable in the sense of Evans and Honkapohja (2001). Under
the social learning algorithm considered here, learning drives agents’ forecast rules
toward a weak consistency condition but does not eliminate the misspecification.
The wandering of rules near the weak consistency condition can generate interesting
dynamics such as volatility clustering.?

Structure of the Market

Suppose that the temporary equilibrium value of a single state variable x at
each time period t can be represented by the following condition

(1) 33t200+01Ft93t+1+6t

L For some examples of and perspectives on this literature see Arthur etal. (1997), Aumann
(1997), Axtell (2000), Axtell etal. (2001), Blume and Easley (1992), Brock and Hommes (1997,
1998, 2001), Brock and deFontnouvelle (2000), Bullard (1994), Chiarella and He (2002), Chen
and Yeh (2001), Cross (1983), Evans and Honkapohja (1999, 2001), Foster and Young (2001),
Fudenberg and Levine (1998), Levy etal. (1994), Lux (1995, 1998), Rubenstein (1998), Sargent
(1993, 1999), Sandroni (2000), Simon (1955,1978), Sobel (2000), Tetlow and von zur Muehlen
(2001), Vriend (2000), Young (1998).

2 The mechanism by which such volitility can be supported by the learning process shares
some similarities to those of Youssefmir and Huberman (1997) and Lebaron (2001b).
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where 09 > 0 and o1 € (0,1). Fyx;,1 is the arithmetic average of the forecasts of
the individual agents at time ¢ of the value of x at time ¢+ 1. Thus, I am assuming
that, while individual forecasts are heterogeneous, the market equilibrium depends
on the forecast of a representative agent.? I do not address further the question of
how this temporary equilibrium is attained.

We can think of (1) as a stylized representation of a very simple asset pricing
model or an equation for the evolution of GDP or the aggregate price level in a very
simple macroeconomic model.

Rational Expectations Equilibrium

This simple model has a unique stationary rational expectations equlibrium:
Ty = x* + & Vt, where z* = (1‘_’—‘;1) There is also a continuum of rational bubble

equilibria, under which z; explodes away from x* at average rate £1;_¢71) over time,
as well as non-stationary rational sunspot equililibria. In the case of no shocks
(e =0Vt), we can call x* the stationary perfect foresight equilibrium.

Temporary Equilibrium Under Adaptive Learning

Suppose that agents do not have enough information about the structure of
the environment to form rational expectations. Rather they formulate forecasts of
this rate of appreciation inductively.

Specifically, suppose that agents use forecast rules of the form

(2)  Filee]l =ap + 0, (w0 —e0) + ¢ - wmn +dy - xf g e wea + fi - ai

where Fi[z;, 1] is the forecast of x,y; held by agent i at time ¢, and a?, b?, ¢}, di,
e, and f} are scalars that can vary across agents i and time ¢.*

The average forecast is thus
Ft[$t+1] =a + Bt . (.’.Ut — Et) +Ct X411+ Jt . .’17?_1 + et Ty_o+ th . .’17?_2

where @, b;, ... are the arithmetic averages of the agents’ individual parameter
values at time ¢. Then, according to equilibrium condition (1), the temporary

Heterogeneity is still important in the model as the average forecast will evolve as the
distribution of forecasts across agents evolves. Grandmont (1998) uses a similar simplifying device
(an “average expectations function”) when he considers heterogeneous beliefs, as do Evans and
Honkapohja (2001) and others.

4 We assume that agents can condition their expectations on the current period’s equlibrium
value of the state variable net of the shock &¢, which itself is determined by the average expectation
of the agents. Thus, we are assuming that the agents adjust their forecasts as they witness the
deterministic part of the current period’s value of the state variable emerge, and that trade does
not take place in each period until this process is complete. We assume that agents do not see the
shock in period t for reasons noted below.
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equilibrium at each time ¢ will be given by®

1—ob ((co+01at) + 016141 +01Jt$3_1 ‘o162 —I—Cflftiﬂf_g) +&¢.
— 010

(3) @ =
For arbitrary constant values of individual agents’ forecast rule parameters a?,
¢, ... the average parameter values @, b; ... will be constant over time, and the
deterministic part of the nonlinear system (3) can display a variety of different
local and global dynamics including dampened cycles, limit cycles, and chaos. If
individuals can learn and change their forecast rule parameters over time in response
to systematic errors, the induced changes in the average parameter values will create
aditional dynamics in this system.

Note that the forecast rules (2) being used by the agents are misspecified.®
Nevertheless, we hypothesize that such a misspecification might appear reasonable
to individual agents in the model at any given time, given the recent evolution of
x. We can then ask whether this misspecification tends to be eliminated over time
by learning.

Minimal State Variable Forecasts

The smallest number of state variables required to characterize a rational ex-
pectations equilbrium in this model is zero. IL.e., the minimal state variable (MSV)
forecast rule is

Fi[zi41] = af
If all agents use this type of forecast rule, the temporary equilibrium induced by

these forecasts would be
Ty =00+ 010Gt + &

Expectational Stability

The stationary rational expectations equlibrium z; = z* 4 &; is expectationally
stable (E-Stable) in the sense of Evans and Honkapohja (2001), given our assump-
tion that o € (0,1). If agents were to use MSV forecast rules, then under the
continuous time pseudo learning algorithm used in the E-Stability framwork, the

5 In the terminology of Evans and Honkapohja (1999, 2001), (3) is the “actual law of mo-
tion” and (2) represents the “perceived law of motion.” In Grandmont’s (1998) terminology, (3)
describes the “actual temporary equilibrium dynamics.” Note that if the time ¢ forecasts were
not independent of e¢, the variance of the disturbance term of (3) would depend on the average
forecast rule parameter b; which will vary over time. This would provide an additional mechanism
for generating conditional heteroskedasticity.

6 For example, agents at time ¢ — 1 condition their forecasts of x; on x;_3, whereas under the
actual law of motion (3) induced by these forecasts, z¢ does not depend directly on z;_3.
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representative forecast parameter a; would converge locally to * over time.” Since,
for a; = z*, the temporary equilibrium (3) is exactly the stationary rational ex-
pectations equilibrium (in this MSV forecast rule case), the E-Stability framework
selects that equilibrium as the unique outcome of learning. Further, this rational
expectations equilibrium is strongly expectationally stable in that it is robust to
overparametarization as in (2). Indeed, under the E-Stability condition’s continu-
ous learning dynamics, the forecast rule parameters b, ¢, d, e, and f all converge
locally to zero under forecast rules of form (2). By the same token, bubble equilibria
are not E-Stable in this model, given o1 € (0,1). Some details are provided in an
Appendix.

Thus, the E-Stability criterion selects a particular learning equilibrium (a = z*,
b=¢=d=eé= f=0)which replicates the stationary rational expectations equilib-
rium. This result also implies that the stationary rational expectations equilibrium
would be selected under least squares econometric learning (Evans and Honkapohja,
2001).

Weakly Consistent Expectations

We now ask what are the forecast rules of form (2) that are consistent with the
stationary rational expectations equilibrium in the following sense: F} [Te11|(ze —
€1) = T4_1 = Ty_o = =*] = =* or equivalently E;x; = E;Fi[z;, 1] where E; denotes
the mathematical expectation conditional on information available at time ¢. This
condition can be written

(4) *=a+(b+e+eé)-az*+(d+f)

Note that (4) is linear in the six average forecast rule parameters a, b, ... and so the
values of these parameters that satisfy it lie on a five dimensional hyperplane. For
example, a section of a slice of this plane is shown below holding c =e = f = 0.

7 In the E-Stability framework, the average values of the forecast parameters (the parameters
of the perceived law of motion - PLM) are assumed to move toward the corresponding parameter
values of the actual law of motion (3) induced by the PLM. This learning process is formalized in
a notional continuous time rather than in real time.
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FIGURE 1: Consistent expectations locus for c =e = f = 0.

If the average forecast rule parameters satisfy (4), then the perfect foresight
equilibrium z; = x* is a steady state under the deterministic part of (3), so that if
x was initially at this level, it would remain there over time in the absence of shocks
e. However, even if the average forecast parameters are consistent with (4), if x
started out of steady state, it will change over time under the deterministic part of
(3).

Furthermore, these dynamics need not be locally asymptotically stable. In-
deed, various out of steady state dynamics (in the absence of learning) including
dampened cycles, limit cycles, and chaos are still supported if the average forecast
parameters are constrained to satisfy (4). Two examples of bifurcation diagrams
are given below in order to illustrate the range of possible long run attractors for
the deterministic part of the system in the absence of learning. In both cases we
set o9 = 5 and o7 = 0.5 so that the stationary perfect foresight equilibrium is
xz* = 10. In Figure 2A, d is varied constraining (a,d) to satisfy (4) for the case
b=c=e= f =0 (in which case (3) is a quadratic map).

zn

-0.1 =0.075 -0.05 -0_0z5

=10

-z0

FIGURE 2A: Bifurcation diagram as d is varied along the consistent expecta-
tions locus holding b=c=e = f = 0.
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In Figure 2B, f is varied constraining (a, f) to satisfy (4) for the case b = —0.04,
¢c=0.02,d=—011, e = 0.15.

FIGURE 2B: Bifurcation diagram as f is varied along the consistent expecta-
tions locus holding b = —0.04, ¢ = 0.02, d = —0.11, e = 0.15.
We are interested in this paper in exploring how agents’ forecast parameters
evolve relative to the consistent expectations locus (4) under learning as well as how
x evolves relative to the stationary perfect foresight equilibrium x*.

Learning

Here we model the evolution of forecast rules as a process of social learning
and exerimentation using an evolutionary algorithm.® Here, long lived agents are
periodically able to compare their forecast rule parameter values to those of other
agents as well as to combinations of these values and to randomly drawn values.

8 There are numerous approaches in the literature to representing and updating individual
agent’s forecast rules. For example, Arthur etal. (1997) and LeBaron etal (1999) use a classifier
system in conjunction with a genetic algorithm (GA). LeBaron (2001b) specifies forecasting rules
as artificial neural nets. Chen and Yeh (2001, 2002) code rules as genetic programs (GP). Brock
and Hommes (1997, 1998, 2001) and Chiarella and He (2002a,b) update strategy mixes at the
population level based on results from discrete choice theory. Our algorithm is a modified real
coded GA. The GA was introduced by Holland (1975) who argued that it gives a method for
searching complex decision spaces in a way that provides a good balance between the benefits
and costs of experimentation for on-line decision problems. For general treatments of this method
see Goldberg (1989) or Mitchell (1996). For other applications in economics see for example
Holland and Miller (1991), Andreoni and Miller (1995), Bullard and Duffie (1998a). Arifovic
(1994) modified the standard GA by including an election operator by which new chromosomes are
evaluated before being admitted into the population. Bullard and Duffie (1998b) further modified
the GA to allow long lived agents to retain their own chromosomes over time. These two variations
allow the GA to serve as a closer metaphor for social learning, which is more Lamarckian than
genetically based evolution (e.g., traditional single population GAs). Michalewicz (1999), Fogel
(2000), and others have argued against the use of binary coded GAs and in favor of adopting
codings and evolutionary rules to fit each problem being solved or modeled. See Herrera etal.
(1998) for a discussion of real GA operators.



Page 8 Learning Dynamics With Nonlinear Misspecification

Thus, agents are able to experiment with alternative forecast rules on a limited
basis in each period and adopt the rule among these alternatives which would have
had the smallest forecast error in recent periods.

Specifically, each agent is endowed with arbitrary initial real values of forecast
rule parameters a?, b,... , fi. In each period the equilibrium value of the state
variable z; is determined according to (3). After an initial set of periods without
learning, each agent considers updating her forecast rule (changing the parameter
values) with some probability. An agent who is considering updating her forecast
rule will generate two new rules to compare to the rule that she used last period.
Of the three, she selects the rule with the highest fitness (see below).

The first comparison rule is simply the higher fitness rule of two other agents
randomly selected from the population. Thus, the agent may simply immitate an-
other agent in the population. The second comparison rule is generated by applying
crossover and mutation operators (each with some probability) to the agent’s rule
from the last period and the first comparison rule. Thus, the agent may experiment
with novel mutations of its own previous rule and may adopt some elements of the
comparison agent’s rule rather than imitating the rule in its entirety.

Thus, to summarize, the agent will consider three rules:

Rule 1: The rule used by that agent in the previous period.

Rule 2: A rule coppied from another agent in the population.

Rule 3: A rule that (may) combine elements from (possibly) mutated
versions of rules 1 and 2.

In generating Rule 3, crossover occurs with some probability, in which case
a linear combination of the two rules (Rule 1 and Rule 2) is created. The linear
weight (which is not restricted to be € (0,1)) is selected from a uniform distribution
centered on 0.5 each time that crossover is performed. Mutation is then applied
to each parameter value of the resulting rule with some probability. If the agent
experiments without crossover in a particular round, then mutation is applied to the
agent’s last period rule. If a parameter is selected for mutation, then it is multiplied
by a number selected from a uniform distribution centered on one. There are two
such distributions, one for agents who explore the parameter space very locally
when innovating, and the other for agents who experiment in a larger neighborhood.
Note that the crossover factor operates on entire rules (chromosomes) whereas the
mutation factor operates on individual rule parameters (genes).’

9 Tna given period, each agent considers updating her strategy with probability preproduce,
considers immitating a comparison agent’s strategy with probability pcompare, and conducts
crossover with that strategy with probability pcross. The crossover factor is selected from a uni-
form distribution on (.5 — C,.5 4+ C) where C > .5. Each gene of the resulting second comparison
chromosome is mutated with probability pmutate by a mutation factor chosen independently from
a uniform distribution on (1 — M,1 4+ M). There are two values of M, one relatively small (e.g.,
.1) and one relatively large (e.g., 2), and each agent is assigned one of these values for life (i.e.,
each experiments either very locally or more broadly at any time). Note that small M agents are
able to imitate large M agents by adopting their realized chromosomes and vice versa. If crossover
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The fitness of a rule is based on its hypothetical forecasting acuracy in recent
periods. Specifically, the fitness of a rule at time ¢ is minus a weighted sum of the
absolute values of the forecast errors that the rule would have generated in the past
leval rounds (leval stands for the length of the evaluation period).!°

1
t—s

)9

(5) fi=-xtzt s e 1, w0, 3] — x| - (

g > 0. Thus, in period 4, if leval = 1, the fitness of a rule would depend on how
well it would have forecasted z3 given x5, x1 and zg.

The experimentation and social learning that takes place in this evolutionary
process is incremental in the sense that agents retain their most recent rules as
candidates in each period and these rules are the basis for mutation and crossover.
One drawback is that the range of possible experimentation is limited in any given
period. Agents can end up exploring the parameter space widely over time, but only
if this comes about incrementally. We have attempted to mitigate this problem by
having two agent types and setting a fairly large mutation range for the broad
mutation agent type.

Case 1: All AR Terms Supressed

As noted above, the MSV forecast rule in this model is Fiz;,; = a!, which
corresponds to a belief that x will fluctuate randomply about a constant in each
period. This rule is confirmed by the actual economy if ai = z* Vi, t, in which
case r; = x* +¢&; Vi

In simulations holding b} = ¢! = di = e! = fi = 0 V¢, we find that for
each agent, a! is drawn toward and becomes centered on z* over time and that
consequently, x; is drawn toward and becomes centered on x* over time. It is
easy to see why this is. According to (1), if the average forecast is above z*, then
the distribution of x will tend to be centered between a and z*. Thus, the average
agent’s forecast F'xz = a’ is too high, and given a sufficiently small variance of & will
tend, through experimentation and immitation, to be lowered over time. Similarly,
an average value a < x* will tend to be driven up toward z* over time as agents
improve their forecasts.

Thus, in this benchmark case, learning selects the stationary rational expecta-
tions equilibrium of the model, as predicted by the E-Stability criteria. A difference
between the evolutionary process here and both the E-Stability and Least Squared
Learning frameworks is that agents only look back a fixed number of periods, and so

does not occur, then the original rule is mutated in place of the crossed-over rule.

10 Since we use a tournament style selection process for reproduction, only the relative fitness
values will be relevant.
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learning is complete only in the absence of stochastic shocks (e; = 0). Le., the sta-
tionary rational expectations equilibrium is selected aproximately when the shock
term is active.!!

Here is an example of a run for this case with 100 agents. For all simulations
reported in this paper, op = 5 and oy = 0.5 so that z* = 10. 12

i ahar

W

AN
x\k‘

FIGURE 3: The evolution of the state variable x; and average parameter value
at in a simulation over 500 rounds withb=c=d=e = f =0. * = 10 and
a’ is initially set at 20 for each agent.

Case 2: Non-linear Terms Supressed

Adding in variation in the parameters ¢ and e give agents two additional pa-
rameters to learn. Both the forecast rule and induced law of motion for z are linear
in this case.

We find again that agents learn over time to forecast x = x* on average.
However, there is now a continuum of parameter values (a,b,c,e) that are weakly
consistent in the sense defined above. Le., the consistent expectations locus (4) is
three dimensional. We find that learning tends to drive individual agents’ forcast
rules to this locus, but not toward any particular point on the locus. Particularly,
whereas only the point (z*,0,0,0) is supported by the E-Stability criterion, and so
is also locally stable under LSL, the evolutionary algorithm here does not appear to

I Under least squares learning with infinite memory, the gain of the updating rule for the least
squares estimates of the forecast rule would decline over time at a rate fast enough to make each
agent’s rule converge. Here, due to finite memory, the gain does not decrease over time.

12 In this run, the distribution of ¢ is uniform on (-0.01,0.01). Each agent evolves in any round
with probability 0.2, in which case she considers direct immitation of another agent with probability
0.4, considers crossover with probability 0.2, and mutates each of her six genes (parameter values)
with probability 0.3. Half of the population are low range mutators who consider mutations of no
more than 10%, half are high range mutators consder changing by a factor between -1 and 2. The
memory leval in the fitness function is set to 1.
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select that forecasting rule globally. Rather, in the absence of shocks, rules appear
to tend to converge to arbitrary locations on this locus. With shocks, the rules tend
to continue to wander near this locus. If there is a general attraction to (z*,0,0,0)
it is apparently quite weak, whereas the attraction to (4) appears quite strong.

Here is an example of a run for this case with 100 agents. The parameters
for the model and learning algorighm are the same as in the simulation in the last
section. We see that the distribution of the state variable becomes centered (at
least roughly) on z* = 10.

35 0.5
0 .-F[ . 4 0.45
LA i
char
25 y = 0.35
ehar
LY \ e
W
'\\f} loo2s
15
_.__L:"M(y\g bhar 4 0.2
10 b e 015
* 4 0.1
5
"\-.. ahar 1 0.0s
I:I T T T T T T T T T I:I
1 51 101 151 201 251 301 351 401 451
time

FIGURE 4a: The evolution of z; and average parameter values a, be, ¢, and
¢ in a simulation over 500 rounds with d = f = 0. The stationary perfect
foresight equilibrium value z* is 10. b, ¢ and é; are initially 0.2 and are
measured on the right hand scale. a is initially 20 and is measured along with
z on the left hand scale.

We can aslo see (Figure 4b) that the average forecast rule parameter values are
attracted to the consistent expectations locus.'3

By Figure 4b, the distance of the avarage rule from the locus is measured as the difference
between the actual value of a; and the value that would satisfy (4) given the actual values of the
other parameters (b¢,ct,et).
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Distance Drom ConsistentE xpectations Locus

18

16
14
12 1
10 K
s i
i Y
4 &!
2 \
5 e
1 51 101 151 201 251 301 351 401 4351

time

FIGURE 4b: The distance from the consistent expectations locus (4) in the
simulation shown in Figure 4a. By the 500th round, the value of the distance
is fluctuating in the vacinity of 0.001.

Since these values do not, however, converge to the MSV values (even approxi-
mately), linear propagation of shocks (under (3)) persists under learning. It is also
worth noting that the average parameter values tend to continue to wander near the
locus (4) in response to the shocks e. While, in the simulation above, the wandering
settles down within a few hundred rounds, this is often not the case. The degree of
wandering depends in part on the mutation ranges considered by agents. The pres-
ence of agents with large mutation ranges tensds to cause very rapid convergence
toward the locus (4) early on if the simulation is started far from equilibrium. The
presence of agents with small mutation ranges will then cause substantial wandering
near this locus, as agents pursue small fluctuations in z near . Reducing the high
and low mutation ranges appears to promote persistent wandering.

An unresolved question is whether, for sufficiently small mutation ranges, learn-
ing would eventually drive forecasts to the MSV forecast (i.e., the learning equilib-
rium predicted by the E-Stability condition). ILe., the lack of attraction seen in the
simulations reported here could, in principle be attributable to the broad nature
of the search process followed by agents (i.e., the agents’ inability to explore the
search space sufficiently) rather than to the absence of an attractor. It may then
be the case that the MSV forecast rule is a global attractor, but its attraction is
weak, whereas the attraction toward (4) is strong far from equilibrium — a kind of
turnpike result.

Case Three: Quadratic Terms Active

With any linear autoregressive forecast rule, the temporary equilibrium of our
model will be characterized by a linear AR process, so that any irregular (nonlinear)
dynamics will be due to the learning process (i.e., the updating of the forecast rules
over time). In contrast to this, the quadratic terms in (2) add a nonlinearity to the
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equilibrium dynamics (3) in an otherwise linear model, and so, as noted above, can
produce irregular dynamics even in the absence of learning.'* Thus, increasing the
complexity of the forecasting rules has two interesting effects. First, the dynamics
of the state variable in the absence of learning can become more complex. Second,
learning how to update these rules may become a more challenging problem for
agents in the model for any given history of the state variable.

In simulations, we find that, again, there is a tendency for forecast rules to
evolve toward the consistent expectations locus (4) and for evolution of the state
variable x to becomes centered on x*. However, again, if there is a tendency for
the system to be attracted to the particular learning equilibrium (set of forecast
parameters) supported by the E-Stability criteron, this tendency is not apparent in
a variety of simulations. Thus, the nonlinear endogenous dynamics and propagation
of shocks persist under learning. Further, as the system wanders near the locus, it
can display varied dynamics such as the clustered volatility exhibited below.

10.1
10,06
10.06
1004 -
10.02 .

10
5.95 ! J
5.95
9.94
5.02

9.9

100

190 1
20 A
240 A
300+
30
400 -
450 1
500 +
550
600
6a0
A
a0+
800
B0
900
950 A
1000

time

FIGURE 5a: Evolution of z; in a simulation over 1000 rounds with b = 0,
c=f=0.05d=e=—0.05.

4 1 Arifovic (1996), non-linearity is introduced not through forecast rules but rather through
structure of the underlying OLG model. Persistent fluctuations in Brock and Hommes (1997, 1998)
are driven by irregular switching between forecast types with different costs of forecasting. In that
model, when the economy is near the rational expectations equilibrium, the costs of generating
rational expectations outweigh the benefits to the agents, who then switch to less costly rules of
thumb which cause local instability.
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FIGURE 5b: Evolution of the average parameter values @, by, ¢, ... @ is
measured on the right hand scale, all others on left.
distance from consistent expectations locus
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FIGURE 5c: Evolution of the distance of the average forecast rule from the
consistent expecatations locus (4).

Here is a run with 50 agents for 1000 periods. All agents start on the consistent
expectations locus with a =10, b= .5, c = .5, d = —.14, e = 1.8, f = —.14. With-
out learning this forecast rule generates the following series for the state variable:
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FIGURE 6A: The evolution of x over 1000 periods in the absence of learning.

With learning, the volatility magnification and clustering persists.
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FIGURE 6B: The evolution of x over 1000 periods with learning. leval is set to
20 periods, preproduce = .4, the maximum mutation ranges are 20% for high
mutators and 5% for low mutators.
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FIGURE 6C: The evolution of the quadratic term parameters d and f in the
simulation shown in Figure 6B.

The qualitative results are similar when the memory in agents’ fitness functions
(leval) is reduced to 1 from 20.
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FIGURE 6D: Same simulation with leval set to one period.
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FIGURE 6E: The evolution of the quadratic term parameters d and f in the
simulation shown in Figure 6D.
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These simulations display some interesting features. First, there is clustered
volatility in the state varialble, with fluctuations centered broadly on the unique
stationary rational expectations equilibrium. While that equilibrium is unique, it is
supported by a continuum of forecast rule parameter values, which, in the absence
of shocks (g) and out of steady state volatility, appears to be absorbing under the
learning dynamics. Bursts of volatility are apparently set off by the average forecast
parameters drifting into the region of this continuum in which z* is locally unstable
under the deterministic part of (3).

Second, the heterogeneity of the forecast rules appears to increase in response
to these bursts of volatility, and this heterogeneity can lead, through social learning
to the stabilization of the dynamics of the state variable.!® As volatility increases,
agents tend to experiment more broadly and scatter in the parameter space, causing
the average values to adjust quickly. From observing a number of simmulation runs,
there does appear to be a tendency for the system to get kicked into more stable
parts of the pararmeter space following periods of intense volatility.

Bursts of volatility appear to induce scattering in the population which can
lead the system back into a stable regime. Here we can see the response of a small
population (N=20) to a large burst of volatility.
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FIGURE T7A: The evolution of « over 5000 rounds with 20 agents, leval=1.
Mutation factors are .02 and .005. € in this run is uniform on (-0.1,0.1).

= irne

15 This is a similar result to that of LeBaron (2001b) where homogeneity leads to low liquidity
in the market — common expectations can make it difficult for agents to unwind their positions,
leading to large price movements. Above, homogeneity does not lead to volatility per se, but
volatility does cause homogeneity to dissappear.
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FIGURE 7B: Evolution of di and fti for the population.

In this run, we see the population drifting in (€, f) space until the parameters
induce a very large burst of volatility. This volatility causes the population to
scatter and then converge (via social learning) to a new configuration which , in
this case, generates less volatility in the system.
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FIGURE 7C: The evolution of the quadratic term parameters d and f in the
simulation shown in Figure 7A,B.
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Comments

Increasing the memory in the fitness functions does not appear to promote
greater stability in general. Increasing the population size on the other hand does
appear to promote stability, and in particular the secular tendency toward stability
(lower and more constant volatility).©

The model presented here is a toy model which is too simple to simulate actual
financial market patterns with any accuracy. For example, the simulated appreci-
ation rate shown in Figure 8 displays a high degree of first order serial correlation
and close to normal kurtosis. Agents are leaving even very basic linear structure in
the time series unexploited.!” In a variety of runs, the time series of x does display
leptokurtosis (high incidence of extreme events), though the degree of these fat tails
is modest relative to actual market data.'®

Conclusion

I have illustrated the dynamics of a very simple artificial market environment
under a simple non-linear forecast rule with learning. In the baseline case with
the non-linearity suppressed, learning tends to be near-complete, with the learning
selecting the stationary rational expectations equilibrium. However, when the fore-
cast rule is quadratic, additional volitility may arise from the interaction of learning
and the model. These simulations are interesting as an illustration of how learning
can fail to be complete and produce interesting dynamics in a very simple market
environment.

The model illustrates the volatility that can be produced by a simple non-
linear misspecification in the forecast rules used by boundedly rational agents in an
otherwise very simple and linear model.

16 This is a somewhat unfortunate result found in much of the simmulation literature in finance.
Many models that generate fat tails in returns from small populations do not do so for large
populations for example.

7 How much systematic forecast error is acceptable? Hommes and Sorger (1998) argue that
we should expect agents to learn to uncover some but not all of the structure underlying the
equilibrium dynamics. For example, non-linear structure would be missed by agents using linear
forecasting tools. They introduce the notion of a Consistent Expectations Equilibrium under which
agents’ expectations are consistent with the actual behavior of the economy in terms of a limited
number of linear sample statistics.

18 See, e.g., Mantegna and Stanley (2000), deVries (1994).
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Appendix: E-Stability

Consider the linear case d = f = 0.
The perceived law of motion (PLM) in this case is

Al c+t=1+bxi_1+crio+exi_3

By (1), the induced actual law of motion (ALM) is

A2 x+t=( (oo +01a)+01-(cxi—1+exi2))+es

1—0’1b

We suppose that the (forecast rule) parameters in the PLM adjust in notional
time toward the corresponding values of the induced ALM as follows

op + 01 a4

A3 G4 =——"—"—"—2a
t 1—0’1bt t
; 01Ct
by = ——— — b
K 1—0’1bt ¢
. 01 €¢
Ct = —— — C
¢ 1—0’1bt ¢
ét:O—et

This system of equations has a steady state at a = z*, b = c = e = 0. The
Jacobian of the system linearized about this fixed point is

(0’1—1) .’.17*0'1 0 0

_ 0 —1 g1 0
Ad J= 0 0 -1 o
0 0 0 -1

The eigenvalues of this Jacobian are the elements on the main diagonal. Thus,
for o1 < 1, these eigenvalues are all (real and) negative, and so the steady state is
locally asymptotically stable.
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