1 Introduction and Results

Consider a collection of random variables {Y; ;. : (¢,7,k) € (Z")*> x N, i # j} on an
underlying probability space (€2, F,P) such that sup, ;; , |Yijr(w)| < C < oo, EY; ;) = 0,
and Y jo = 0 for all (i,5) € (Z*)?, i # j. For all (1,7,k), (i,5,k) € {(i,5,k) € (Z+)?, i #
J, k> 1}, assume that B

\
N

o i=i,j=j, k=k

gl =1, 5=J, k#k

p o i=i, j#],
Cov(Yijz Yijn) = ZT/ %i?’ jj#l&

Nt =i i#j

&1 1=73,7=1, k=k

& j=ii=j, k#Ek,

\

else Y;57,Y; ;& are independent. Note that v =7, and, for example, E(Y, oz, Y13%) = p.

Let {M; : i € Z*} either be a collection of i.i.d. N-valued random variables or an ergodic
collection of random variables on (2, F, P} with 0 < E(M;) = a < oo, E((M;)?) = 3 < oo,
E((My)?) < 00,1 <j<4. Fori, je€Z", define M;; = M;M;. Assume that {M; :i € Z*}
is independent of {Y; s : (4,7,k) € (Z")* x N, i # j}. Take note that M;; may be equal
to zero. With this in mind, we will now make a convention regarding notation for sums and
products.

Convention: Let a < b, a, b € Z, and {0;}icz be an collection of real numbers. Then,
Zoi =0, Hoi =1.
i=b i=b

We are interested in proving a central limit theorem for {Y; ;1 : (1,7,k) € (ZV)* x N, i #
J, 0 <k < M,;}. To be explicit, in this case we prove the following result.

Theorem 1.1
A
= d
n3/2 D> Yigk = NO,&*B(p+7 +v+1)).
Hi=1 k=1

Note that the normalizing constants {n®?2},>, are different than what is to be expected
from a standard central limit theorem, which in this case would be {n},>;. We now prove
a lemma to help us estimate the parameters of interest.



Let go, 91 : N> — N such that for (x,y) € N2, go(z,y)

N? — N? such that for (z,y) € N2, ho(z,y) = (z,y), h(z,y) =

p,ta =T, t3 = v, ty = n}, and

(a(t1),b(t1)) = (0,0),
(a(t2),b(t2)) = (1,1),
<a(t3)vb(t3)> = <07 1)7
{a(ts),b(ts)) = (1,0) .
It now may be observed that for 1 <1< 4, 1,j,k, 51,80 € Z"

E(Y;]SIth(tl)(ga(tl)(ivj)7k)752) = U .

With this in mind, for 1 <[ < 4, define

M}Lb(tl)(ga(tl)<l 3),k)

(y,

=z, gi(z,y) = y. Let ho,hy :
x). Also, let T = {t; =

7n = n3 Z ZY;JSQ Z Z th(tl)(ga(tl)(ivj)vk)zs2

i,7=1 g1=1 = so=1
i#] ki{lJ}

For example, we have that

n Mg
%,n = _E E 1,7,82 E E Y;Z,k,SQ

z] 1 s1= 1 k=1 32:1
kg{i,j}

We are now in position to state our second theorem.

Theorem 1.2

M -
1 1 A J
T - nd/2 Z ZY;,j,k — N(0,1).
\/ﬂ ’é;l k=1

2 Proof of Theorem 1.1

Let t € R. We will show that

n M;;

FEexp {it—= 3/2 Z ZY;J’“} — e p+7+u+n)%.

ij=1 k=1
i#]

We break the proof of this up into steps defined by propositions some of whose proofs, due

to length, are found in Section 4.



2.1 Step 1:
Let

n

1< 1
{we: liqgnﬁ ;MZ(W) = q, hinﬁ ;(Mz(w))Q =0,

1131%2(%(@)3' — B((M)) < 00, 1< j < 4}.

i=1
Proposition 2.1 Lett € R. If

n  Mij

Eexp {t—— 3/2 DD Vi — e 2B(p+r+v4m) o

,j=1 k=1
i#]

for all {m;}2, € {M;(€1)}52,, then

Eexp{it—= 3/2 Z ZY;]k} — e~ p+7‘+V+77)t7.

,j=1 k=1
i#]

Proof. See Section 4. Q.E.D.

Assumption: Henceforth, it will be assumed that {m;}; € {M;(2;)},. We also assume
from here forth that n is so large that m;, m; > 0 for some 1 <7 # j < n, which can be
done, as a > 0, so the distribution of the M; cannot be degenerate at zero.

Proposition 2.2

n  Mij 1 n mg g
ECTT [T+ Wtym‘,k)} < Eexp{t—5 3/2 DR
ij=1 k=1 ij=1 k=1
i#£] i#£]
n mi 5
< (o ME(] [T+ —55t¥ur)).
i,j=1 k=1
i#£]
Proof. See Section 4. Q.E.D.
Remark 2.1 We now show that
n mg g
o? T+v 2
BT TTO+ gtV — ermons,
,j=1 k=1

i#]

By Proposition 2.2, this will suffice to prove Theorem 1.1.



2.2 Step 2:

We first establish some notation and results from graph theory.

2.2.1 Graph Theory Excursion I
Let n € Z". Define

Zi, =

{(i,5,k) € (ZY)? 1i# 4, 1<myy, 1<k<m,l,
Z?-ﬁ- = {{i,J, >€Z3 Dk =1},
e = {(i,j.k) € Z{, : i, j <n},
i = {(i,j.k) € [nld: k =1}

ItG C Ze ., we refer to G as a graph, and any (i, j, k) € Z3+ as a point or individual. For
n € Z*, if G C [n]?, we say G lives on [n]?, or is on [n}. If G is such that |G| =0 € Z |,
we will call G a #-graph.

The empty set, the graph that contains no points, will be called the empty graph, and
will be denoted as (). We call G a hyper-row, and in particular for ¢/ € Z™, the 'th hyper-row
iff

G = {(i,jk)ez i=i}.
Similarly, call G' a hyper-column, and in particular for j € Z™, the jth hyper-column iff
G = {(i,j,k)eZ, :j=j}

If G, is a hyper-row, and (G5 is a hyper-column, we call the graph H a cylinder iff H C G1NGs.
Therefore, a non-empty cylinder x takes the form x = {(, 7, k) € Zi’# =1, 7=74,keG}
for some (i/,5',1) € Z} |, G C {1,...,myj}. A graph G € Z?  that is a cylinder will be
called cylindrical, and a graph G € ZZ’} . that is not a cylinder will be called non-cylindrical.

We call a graph G € Z? , balanced if for each point (4,7, k) € G, we have m;; > 0 , and
(7,4,1) € G for some 1 <1 < m;,;. We call a graph G € Z§’7+ unbalanced if for some point
(i,7,k) € G, we have m;; =0, or (j,7,0) ¢ G for all 1 <[ <m,,.

For a graph G € Z3 -, we define the projection of G' as Proj((G) where

Proj(G) = {(i,5,1) € Z:{”Jr : (i,7,k) € G for some 1 <k <m,;}

In addition, for any G € Z3 4 H € Z:; +, we define the inverse projection of G' onto H as
Proj;'(H) where

Proji'(H) = {(i,j,k) € H: (i,5,1) € G}.



If A, B are finite subsets of Z*, then we call A x B x Z*NZ3 , an array, and to be specific,
an (JA| x |B|)-array. We call an (|A| x |B|)-array complete or a complete (|A| x |B|)-array
iff m;; >0forie A, j € B,i# j. Note that an array is the intersection of a union of
hyper-rows and a union of hyper-columns.

If Kk € Z*, 0 a permutation of {1,...,x}, and Gy,...,G, are k distinct graphs, then
we will let (Go(1),...,Go()) be the ordered collection of Gy, ... G, corresponding to o,
and {Go(1),...,Gs(x} the unordered collection of Gy,...,G.. Thus, for distinct oy, o9
permutations of {1,...,k}, we have that

<G0'1(1)7 ey GO’l(K/)> # <GG'2(1)7 ey GO’Q(H)>7
{Goy1)s -, Gorr)} = {Gos1)s -+ Gos() }-

For any 1 < Y 7= m;; = |[n]?|, we denote AT as the set of all k-graphs that live on [n]?,
i#j
that is
A = {G Cn): |G| = /i}.
2.2.2 Step 2 Proposition
Proposition 2.3
n Mij 1 [[n)2] e
E{I] [J+ —ptYigk)t = 1+ > > Ei b Yiesoh) ~ma7-
st k1 W1 (s o R} AT
Proof. This is obvious. Q.E.D.

2.3 Step 3:

We continue our excursion into graph theory.

2.3.1 Graph Theory Excursion II

For (q,r,s), (u,v,w) € [n]3, we write (q,7,s) < (u,v,w) iff i = j for some i € {q,r} and

some j € {u,v}, and say that (¢,r,s) and (u,v,w) touch. If (¢,r,s) and (u,v,w) do not
touch, we write (q,7,s) ¢ (u,v,w). From the dependence structure of our array of random
variables, this means that (¢, 7,s) ¢ (u,v,w) iff Yy, and Y, ,w) are independent. We will
say that two distinct graphs G and Gs touch if there exists an x € GG; and a y € G4 such
that x < y. We make the convention that the empty graph touches all graphs. Finally, for
any finite graph G € [n]2, we will define

Vi(G) = {(i,5,k) € n]*: (i,7,k) « (q,7,5) for some (q,r,5) € G}.
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If1<1<|n?, and Gy,...,G; C [n]2, we call Gy,...,G; mutually separated iff there
does not exist distinct 4,5 € {1,...,{} such that G; and G, touch. Thus, if two graphs
are not mutually separated, they touch. Note that two graphs that are mutually separated
are mutually disjoint; however, the converse is not true. Also, note that again by the de-
pendence structure of our array of random variables, if G, ..., G, are mutually separated,
then {Yii;mtajreas - Y0,k Hijkee are mutually independent collections of random
variables, although the marginal random variables of any one collection need not be inde-

pendent.

If x, y € G, we say that  and y communicate in G, written x & y, iff x and y touch or
there is a sequence of distinct points z1,...,2 € G, 1 <1 < |G| — 2, such that

T =2y Y.

For a graph G on the [n]?, we will call G’ a connected graph iff all points of G communicate
in GG. Thus, a connected graph cannot be partitioned into a collection of mutually separated
subgraphs. More to the point, if G is a connected graph, {Y; ;} @k ec cannot be partitioned
into any mutually independent sub-collections of random variables.

For 6 € Z*, we say that G is a #-connected graph iff G is connected and |G| = 6. Note
that if G; and G5 are two connected graphs that touch, then G; UG, is a #-connected graph
where 0 < |G1| + |G|, equality only when G; and G5 are mutually disjoint.

Finally, a certain description of 2-connected graphs will be used at a crucial enough mo-
ment in our work to merit being named. Let G be a 2-connected graph, G = {(q, 7, s), (v, v, w)},
(q,7,8), (u,v,w) € [n]2. Let t € {027, p,7,v,n,&1, &} Then, we will refer to G as of type ¢
or a type t 2-connected graph iff Cov(Y,, s, Yuvw) = E(YqrsYuww) =t

We will omit specifying that a graph lives on [n]?, when it is obvious by context, and for
our work, all graphs are on [n]? for n an arbitrarily large member of Z*. Of course, note that
if a graph lives on [n)2, it lives on [n + 1]2. If it is obvious that we are restricting to points
of a connected graph GG when talking about communication, we will omit the dependence of
the communication upon G.

Example The following is a picture of two mutually separated connected graphs G; =
{(1,2),(5,1)} and Gy = {(2,3),(3,4),(4,5)}. G is a 2-connected graph, while G5 is a



3-connected graph.

To proceed, we require some notation and results from the theory of unordered partitions.

2.3.2 Unordered Partitions of a Positive Integer k

Let x € Z*. Define Py as the collection of all unordered partitions of {1,..., s}, which
may be thought of as all partitions of s indistinguishable balls. Denote the magnitude of
Pu as p(k), i.e. [Py = p(k). Stanley documents many useful results regarding unordered
partitions in [2], and it is well known that p(k) < 2%, see for example Andrews, Chapter 5
[1]. We consider a partition o € P, to be a collection of positive integers that sum to k.
Each element of o is called a part, and we will let the total number of parts of o be denoted
as Cy. Then, we enumerate the parts of o as r{,...,rg , giving o = {r .

Example Let Kk =4: 01 =4,00=3+1,03=2+2,04,=24+1+1,05=1+1+1+1. So,
p(4) = 5.

Using the dependence structure of {Y;,x : (i,7,k) € [n]?}, we may partition A" by
associating each element A7 to exactly one element of Py,. For any 1 < r < [[n]3|, let

gn(r) = {G CA':|G|=r G connected}

2. For o € Py, with parts {r7}57,, let

be the set of all r-connected graphs on [n]? Py

Co
gn(o) = {G ceAl:G= U Gs,Gs € gn(17), s=1,...,Cy; Gy,...,Ge, mutually separated}.
s=1

We observe that any x-graph can be uniquely partitioned into a union of mutually separated,
connected subgraphs. This fact is likely to be intuitively obvious; however, we prove it in
Lemma 4.2 in Section 4 for completeness. Furthermore, on this basis of this fact, we have
the following proposition.



2.3.3 Step 3 Proposition

Proposition 2.4

tK/
1+ Z Z E(Yi gk - .Yi“’jmkﬁ)n(?’“)ﬁ

= 1+> > > E(Kl,jl,kl"'yimjmk,@)mg—;/g-

k=1 Uep[n] {(i&jsﬁs)}::legg(o')
Proof. See Section 4. Q.E.D.

Note that it is quite possible that ¢%(c) may be 0 for some n, x € Z*. For example,
m; = 1 for all i € Z*, then when n < x < %, there is no way to pick £ mutually separated
2-connected graphs. Thus, g>*(o) is zero for that o comprising x 2’s.

2.4 Step 4:

Proposition 2.5 Letn, k € Z*, 6 < k < |[n]2|. There exists a function f: ZT — R such

that
) DI DN -/ NSRS AP [ ey
i1,J1,k1 thsJrokn nBR2 = )
O'E’P[m] {(is:js,k.S)}::1 €gri (o)
and
Zf(/i)<oo
k=06
Proof.  See Section 4. Q.E.D.

Thus, by dominated convergence, we have established that

|[n]2]

lim >y > E(Yi jub - -Yz’mjmkn)n(:—:)/g

k=1 O'EP[K] {(i57j57ks)}§:1€92(0)

5 K
_ hinz > > E(Y: ik - 'Y;mjn,k,{)ﬁ

k=1 0€P) {(is,Js,ks)}i_ €95 (o)

|[n]2]

+ 11;011 Z Z Z E<Yi1,j17k1 T Yimjmkn)n(:f—:)ﬂ

k=6 UGP[K] {(i.s,j37ks)}§:1egg(a)
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= Z lim Z Z E(}/ihjl,kl e En7jn7kn)n(§—/’:)/2

JEP[N] {(is.ds ks)}5_1€95(0)

+ Z lim Z Z E(}/;lleykl e Y;mjmkﬁ)n(z—:)/?

O'GP {(Zs,]syks)}s 1€gn(o)

= th Z Z E(Yi ji - 'Yimjmm)n(?f—:)ﬂ,

0€Ps) {(is,Js:ks) Yo €9 (0)

dominated convergence being used in the second equality. Note that we must use dominated
convergence as

nle| = Z mij = Z mgm; — me =n*(a®(1+ 0,(1))),

i,j=1 i,j=1 =1
i#]

implying that |[n]}| — oo as n — oo.

2.5 Step 5:

We now find the limit of each of these summands. However, before doing such, we make the
following convention:
Convention: Suppose that for a k& € Z*, we have a collection of constants {c;, },>r. We

Cn

use the notation ¢, = 0,(g(n)) to mean that as n ranges in Z*\[k], oG5 — 0. This is the

familiar ”little o of g(n)
defined for k > n.

notation, and we are simply addressing the fact that ¢, is not

Proposition 2.6 Letn, x € ZT, k < |[n]3].

tli
Z Z E(Yiy gk Yiejeke) n(3r)/2

UEP {(7/.57]&7 s)}gzlegﬁ(U)
(K/12)!(a25(ﬂ+;+u+77))m/2tﬁ(1 + On(l)) K even
tho,(1) . K odd.

Proof. See Section 4. Q.E.D.

2.6 Step 6:

We now complete the proof using Propositions 2.5 and 2.6.



Using the dominated convergence, whose validity is established in Proposition 2.5, and
the limiting value of summands established in Proposition 2.6,

In]?]
h?1+§:§: >

w=1 0€P {(is.Js:ks)} i1 €973 (o)

= 1—|—thz Z

0€Px) {(is,ds,ks) Y1 €95 (o)

?B(p+7+v+n)

E(}/;17j1,k1 o

E(}/;le,k'l T

tﬁ]
Yiiohe) a7

tﬂ
Vi) /3

- 1+Zh£n< zn/z)!( 2

Blp+7+v+n)

= 1—|—th( 5

k!
k=0

In light of Remark 2.1, the proof has been completed.

3 Proof of Theorem 1.2

)2n/2t2n(1_'_0n(1>)+t2n710n(1>)

V()5 (1+ 04(1)) + 0a(1))

o] 2\ k
_ (@*Blp+7+v+n)5) _ @?BlotTuns

Q.E.D.

We now prove a lemma to help us estimate the parameters of interest. Recall that

1 n
=, lim =) (M;(w))” =
) = a, 11£nni:1( w

117511%2(%(@))3‘ = E((M,)’) <00, 1 <j <4}

1 n
1 {w e 1;Lnn; (w
i=1
L= {Mi(h)}Zy,

Let T:{tl :p7t2:T7t3:V7t4:’r]}, and

(a(t1),b(t1))
(a(t2),b(t2))
(a(ts),b(ts))
(a(ta),b(ta))
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Lemma 3.1 Let {m;}°, € L. Then, for 1 <[ <4,

Msy,s9 Mhy 1)) (9a(ry) (51:52)553)
E P2
n3 Z Z Z Yslus%klth(tl)(Qa(tl>(81782),83),k2 — a” g
s1,82=1 f=1 sg=1 ko=1
51782 s3&{s1,s2}
Proof. See Section 5. Q.E.D.

Then, as it may be recalled P(€2;) = 1, it follows that for 1 <1 <4, and € > 0, that

P(|Vi, — &26t] > €)

|
=

(I\Vlnfa25tl|>e(w>>

(Lo, (W) j5;, — a2 (W)

(Lo aaiyee ent @)y —a2pr e (@)
(14

(14

(

|
SSRGS

Lotz eny@) B —azpn s {Mi}i21) (W)
VM, eny (W) P([Vin — a28t] > e {M;}32)(w))

1{w {M;(w)}2, €L}

& &

Mhb(tl)(ga(tl)(l 7),k)

Z ZYW Z S Vi a s — @2B84] > e[{Mi}E)) ()

=1 g1=1 so=1
i#j ke{m}
= E{Mi}ﬁl(lL({mi}izl)
M, Mhy 1) Ga(ry) 653):0)
Z Z Yijs Z Z th(tl)(ga(tl)( J)k)se T 5tl| > e[{M;}2, = {mi}Zy))
,j=1 g1=1 = so=1
i#] k<Z{ZJ}
= E{Mi}’ﬁl(lL({mi}i 1)
n Mij h 1) (Ga(ry) (353):0)
Z Z i,5,52 Z Z th(tl)(ga(tl)(i,j)ﬁ)ﬁz - O‘2ﬁtl| > €)).
ij=1 s1=1 = so=1
i#] kez{z J}

As Lemma 3.1 implies that for all {m;}2, € L,

n myi j (tl)(qa'(tl)(l 13) k)
2 _
Z 2 :YJ 52 2 : E : th(tl)(ga(tl)(iJ)vk):SZ —a ﬁtl| > 6) = On(l)a
,j=1 g1=1 = so=1
i#] kg{l J}

then it follows by dominate convergence that
P(|Vin — a?8t)| > €) = o,(1),

11



or equivalently that Vln £ a?Bt;. It then follows by Slutsky’s Theorem that Z?Zl Vin K
o?B(p + 7+ v +n). Further, we also now that since f(z) = 272 is continuous at o?3(p +

T+ v+n) >0, implying (31, Vi) /2 2 (a®B(p+ 7 + v +n))"Y2. Then, given Theorem
1.1, a simple application of Slutsky’s theorem gives

1 1 O iy

Q.E.D.

4 Proof of Propositions for Theorem 1.1

4.1 Proof of Proposition 2.1
Proposition 2.1 Lett € R. If

1 a? T4+Uv ﬁ
Bexp{t— D3 Viga} = exPomoin’s

for all {m;}32, € {M;(€1)}32,, then

1 n M )
; 2 : E : —a?B(p+rvtn)
Eexp {Ztm Yvi,j,k} — e 2,
,j=1 k=1
i#]

Proof. Recall that

1< 1<
9] = Q- lim — Mz: lim — Mi2:7
L= e M= a3 )= )
R ITEY . .
fim - 3 (MY = B(M) < oo, 1< <4}
Then, if we define

1 n n
L = {{m}®, € (N :lim— E m; = «, lim E (m;)?
n n n
=1 i=1
1 n

lim — Z(my = BE(M)’) < 00, 1< j <4},

I

12



it follows that,
Ql = {Ld €Q: {MZ(W) ;?il S L}

Thus, @ € o({M;(w)}2;). In addition, by the ergodic the Ergodic Theorem (Law of Large
Numbers), we have that

PlweQ: {Mw)}2, e l)=P() =1
Now, letting ¢ = v/—1, it follows that

n Mi; n M (w)
1 ’ 1
Bexp{it— > > Vi) = E(lgl( Jexp{it— > Yl,j,kw)})
iy _— i
= BBl @ e ity 3 S Vi HMIE) )
e
1 ~
= E(lg1 (w)E(exp {Ztm Z ZYi,j,k}\{Mi}izl)(w)>
n Mgy
= EIMIE <1L({mi}§i1) (exp {it—7 3/2 Z ZY’J’“H{M yim = {ma}iz )>
e
EiMi}e, <1L({m1}fil) eXp {Zt 3/2 Z Z Yij, k} >
e
Now, because
n  Mij
z]# 1 k=1
if and only if
Q=1 k=1
i#£]

it follows by our assumption and the bounded convergence theorem that

n  Mij

lim B (1 ({12, Bexp {it— 3/2 Z ZYuk} )

13



— B (1 ([}, e )

2
— BTN

Thus, it follows that

E exp {Zt 3/2 Z Z Y, J, k:} — e P+T+V+77)

=1 k=1
i#£]

Q.E.D.
Recall that

{we: h??l%ZM’(M) = a, liin%Z(Mi(w))? = B,

=1

hTILnnZ E((M)) < o0, 1< j <4}

Because it is assumed that {m;}32, € {M;(Q)}52,, if follows that

1 n n
lim - Zmi = «, lim Z(mi)z =,
=1 =1
lim Y “(m;)’ = B((M;)) < o0, 1 <j<A4. (1)

Here, we introduce another preliminary lemma to be used later that describes some salient
behaviour of the {m;}°; € {M;()}2;. Let go, g1 : N* — N such that for (z,y) € N?
go(T,y) =z, g1(x,y) = y. Let hg, hy : N> — N? such that for (x,y) € N2, ho(z,y) = (z,y),
hi(z,y) = (y, ).

Lemma 4.1 For (a;,by), (as,bs), (as, b3) € {0,1}2, let

n
1
1 _ E
)\n - ﬁ Msy,s9

s1,52=1
1 n n
2 _
Aolar, b)) = 3 E Mesy,s9 E :mhb1(9a1(51752)753)
s1,52=1 s3=1
1 n n n
3 . —
Xa(01,b2702,b2) = =2 D sy D M (g o1,52).99) D Mgy (i gy (51,2, 50)) 00
s1,52=1 s3=1 sq=1
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1 n n n
4 . . —
An(ala b27 a2, b2; as, bS) - E E My 80 E mhbl (9aq (51,52),53) E mhb2 (gag (P (gaq (51,52),53)),54) X

S1,82=1 s3=1 sa4=1
n
: : mhbg (ga3 (hb2 (ga2 (hbl (gal (51 732)753))754))755)
s5=1

Then, there exists a constant 0 such that for all {ay,by),...,(as,b3) € {0,1}* and all 2 <
i <4,

lim\, < ¢
Hm A (ag, by -5ai1,bi1) < 0
Proof.
It suffices to show that lim, AL and lim, A% (ay,b1;---;a;_1,b;_1) exists for 2 <i < 4. We
now proceed to this task.
As N = 530 i Mes = (5> mi)?, we have by assumption that lim, A, =
{(EX1)%}
For any (ay,b1),...,(ai—1,b;i—1) € {0,1}?, and 1 < s1,...,s5 < n, because m; ; = m;m;
for 7,5 € Z*, we have that
Mhy, (gay (s1,52),83) = MMlga (s1,52),83
Mhiy (gag (hoy (gay (s1,52),83))80) = TMgay (hey (gay (s1,52),53)),54
mhb3(9a3(hb2(9a2(hbl(ga1 (81782)753))754))735) = mga3(hb2(ga2(hb1(ga1 (51752)783))754))755 ’
and
ga1(817 82) € {17 2}7
ga2<hb1 (gal (517 82)7 53)) S {17 s 73}7
ga3(hb2 (gaz(hln (ga1 (817 32)a 53))7 34)) € {17 s 74} :
Thus,
1y - N i 1+ .
lm 25 DL M D M) = Mg > mi ) my® S my,
S1,52=1 s3=1 s1=1 so=1 s3=1
— EX11+i1EX11+i2EX1

for some iy,i € {0, 1}, i3 + iy = 1. Similarly,

1 n n
117?:1 ﬁ : : m51732 : : mhbl (ga1 (51782)753) : : mhbg (ga2 (hbl (glll (51352)753))754)

s1,52=1 s3=1 sq=1

15



— hm— E :m1+z1+J1 E ml—i—zg—f—]g E :m1+]3 § :m54
n ’I’L

s1=1 so=1 s3=1 sq4=1

_ EX11+i1+j1 EX11+i2+j2 EX11+j3 EX,

for some iy, 49, j1,...,j3 € {0,1}, i1 + i = j1 + -+ js =1, and

hgnﬁ Z Msy,s9 § :mhbl (gay (51,52),83) 2 :mhb2 (9ag (hoy (9ay (51,52),53)),54) X

s1,52=1 s3=1 sq=1

Z mhb3 (9113 (hb2 (9@2 (hb1 (9a1 (51,82),83)),54)),85)

s5=1
n
— hm_5§ m1+l1+]1+k1§ m1+12+]2+k2§ m1+]3+k3§ m1+/€4§ M,
n n

s1=1 so=1 s3=1 sa=1 s5=1

_ EX11+Z1 +j1+k1 EX11+Z2+J2+k2 EX11+]3+7€3 EX11+k4 EXl

for some iy,49,j1,. .., J3, k1, ks € {0,1}, iy +do = 1+ -+ s =k + -+ kg = L.
Q.E.D.

4.2 Proof of Proposition 2.2
Proposition 2.2

no M n Mg
HH s} < Bewftgn >3 Vi
k=1 w 1 k=1
< (140,01 E{HH tYijn)}-
,j=1 k=1
i#£]

Proof. Let 1 <14,5 <mn, 1<k <m,;. From Taylor’s Theorem,

1 O(Yi’j’k,t) 1., 1
1+ tmm’j’k <1+ tmm’j’k + T Y;j r = €Xp {tmn,j’k},
where C(Y; ;. t) is a random variable such that O < C(Yijn t) < e isil < ¢lC for all

1, 7. Then, for n large enough such that 0 < 1 — 3/2, and tC <1,

n M4

H H (1+1 3/2Y;d’f)}

=1 k=1
i#j
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n mg g

< FEexp{t— 3/2 ZZYJ’“}

2];"£ 1 k=1
]
mi 1 C(Y;,j,k?t) 2 1 1o
= E{H (1+t 3/2K7]k+Tt n3Y;,]k)}
e
mg ;5 1 (1 _|_t 3/2}/;‘7]@ _|_ ( zQ]k»)tQ 13}/;2 k)
= E{ (1+t }/;7 k) ’ n Js }
zla_[—l k=1 nf/2 " (1 +1 3/2Y7JJ€)
i#]
n  Mij 1 tC(tC)Q
3
< B{]] IO +t=5Yuna+ ! o))
zzg;]l k=1 n3/2
n Mij etC(10)? n Mij
2n3
= I] (1+1 i)E{H [Ja+t 73 Viik)}
i,j=1 k=1 n3/2 =1 k=1
i#] i#j
eto(tC)2 Zn lelj n Mgy 1
"3 i,j= =
= (1+—22)7 % E{]] T[]0 +t—5Yim)}
3/2 =1 k=1
i£]
(tC)* n2(L52n . my ) n Mij 1
n 4,j=1 2,
= 1+ 1 gnact ) iy EA H H(1 +t—3/2Y¢,j,k)}
T2 ig=1 k=1 n
i#]
etc(tC)2 91 - 1 n My
n3 n?((=3"  m; T (my
— (1+1_2—Q) (7 Xicima)® =5 ))E{HH1+t —7 i)}
7’L3/2 i,j=1 k=1

i#]

The second inequality follows because 1+ t—Y; ;) > 0, as we have assumed JSQ

By equation (1), it follows that

1< 12
(D oma) = Y (m)? = o*(1+0,(1))
i=1 i=1
Thus,
—etc(tC)2 2((1 2 12 2 n 1
n3 n? (=" my)i—= n(my
(1+ 13_&) (( ey ma)® =57 i (ma) )E{H (1‘|‘tWYi,J’,k)}
n3/2 i,q;_l k=1
et (tC)? - no M 1
ns n‘a o
= (1+ N ) DE{]] (I +i—=7Yin)}
n3/2 i,_j;_l k=1
i#£]
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Clearly,

<1 1 etCQ(—tC)Q n2a?(14o0n(1)) | (1)
AT < o
n? 1- ngfz
which completes the proof. Q.E.D.

4.3 Proof of Proposition 2.4

We need 3 preliminary lemmas before proving Proposition 2.4.

4.3.1 Preliminary Lemmas

N(G)
s=1
each is a connected graph, and

Lemma 4.2 For any k-graph G on [n)?, there exists an N(G) € [k] and graphs { B(G)s}
such that the B(G)s are mutually separated graphs on [n]?,
UL B(G), =G,

Proof. This follows just by recognizing the two following facts. If y € G and G(y) is the
graph comprising those points * € G C [n]? such that  and y communicate in G, then G(y)
is a connected graph. Furthermore, G(y) and G\G(y) are mutually separated graphs. Thus,
we choose a point z; € G, and let B(G); to be the collection of all points that communicate
with z; in G. We then continue this process with G\ B(G);, and the process ends with the
given partition of G. Q.E.D.

Lemma 4.3 Let k € Z", and G = {(is, Js, ks) }°_; be a k-graph on [n]>. Then,

e

N(G

)
E<}/;17j17k1 o 'Yvimjmkm) = H E( H Yw,y,z)
v=1

(w,y,2)EB(G)v

Proof. This follows by definition, since all the B(G);, ..., B(G)n(e) are mutually sepa-
rated, and thus, as alluded to earlier, {Y{; )} k)eB@)1s- - {Y(i’j’k)}(i7j7k)eB(G)N(G> are mu-
tually independent collections of random variables. Q.E.D.

Recall the following notation. For any 1 < r < |[n]2|, let g,(r) be the set of all r-connected
graphs on [n]?. For o € P}, with parts {rJ Co et

s Js=1»

Ccr
ge(o) = {G €EAl:G= U Gs,Gs € gn(17), s=1,...,Cy; Gy,...,Ge, mutually separated}.
s=1
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Lemma 4.4 Let k € Z*. If 01, 09 € Pl, 01 # 02, then gii(o1) () gii(o2) =0, and

Ar= | gio). (3)

0EPx)

Proof. Now, if G is a k-graph on [n]?, then in reference to Lemma 4.2, Zivz(f) |B(G)s| = ~,
and so G € ¢"({|B(G)s|}), which implies equation (3). Similarly, if G € g%(c1) and
G € g¥(oy), then o = {\B(G)s]}iv:(f) = 09, which is a contradiction. Q.E.D.

4.3.2 Proof of Proposition
Proposition 2.4

2]
tl{
b Z BV gk 'YimjkaW
r=1 {(is,js,ks)}i_, EAL
|[n]2 i

|
= 1+> > > Eigibs = Yieiohe) a7

k=1 0€P) {(is,)s,ks)}i_ €9t (o)

Proof. Lemma 4.4 completes the proof of the proposition. Q.E.D.

4.4 Proof of Propositions 2.5

We need 6 preliminary lemmas and three corollaries before proving Proposition 2.5, and
these lemmas require the introduction of some new notation.

For distinet points (¢,7,1), (u,v,1) € G C [n]3, we say that (¢,7,1) and (u,v,1) are
horizontal G-relations if

l.u=gqand (¢,[,1) ¢ G, min{r,v} <[ < max{r,v}.

For distinct points (q,7, 1), (u,v,1) € G C [n]3, we say that (¢,r,1) and (u, v, 1) are vertical
G-relations if

2.v=rand (I,r,1) ¢ G, min{q,u} <! < max{q,u}.

We will say that y is a horizontal, respectively vertical, G-relation of z if x and y are
horizontal, respectively vertical, G-relations. We will say that y is a G-relation of x if x and
y are either vertical G-relations or horizontal G-relations.

For distinct points z = (i,5,1), y = (¢,7,1) € G C [n]}, we say that y € G is an h/v
G-neighbor of z if one of the 3 following relationships hold:
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L. (r,q) = (4,7).

2. y is a horizontal G-relation of x.

3. y is a vertical G-relation of (j,i,1).
Similarly, for distinct points z = (i,5,1), y = (q,7,1) € G C [n]}, we say that y € G is a
v/h G-neighbor of z if one of the 3 following relationships hold:

L (r,q) = (i,5).

2. y is a vertical G-relation of x.

3. y is a horizontal G-relation of (j,1,1).

We define the G-neighbors of = as the collection of all points that are either a v/h G-neighbor
of z or a h/v G-neighbor of x.

4.4.1 Preliminary Lemmas

Recall that

[l = {G.5.k) €l k=1}

Recall that for a graph G € Zg ., we define the projection of G as Proj(G) where

Proj(G) = {(i,j,1) € Zi’,+ : (i,7,k) € G for some 1 < k <m,;}.

In addition, for any G € Z‘i . H e Zi +, we define the inverse projection of G' onto H as
Proj;'(H) where

Proji'(H) = {(i,j,k) € H: (i,5,1) € G}.

Lemma 4.5 For any G € [n]2, Proj(G) € [n]}, and G € [n]? is connected iff Proj(G) is

e

connected. Furthermore, if E C Proj(G) and E is connected, then Projg'(G) is connected.

Proof. That Proj(G) € [n]? for any G € [n]?, and that G € [n]? is connected iff
Proj(Q) is connected are statements that follow directly from the definition of a connected
graph. Finally, if E C Proj(G) and E is connected, then Proj;'(G) is connected also by

construction. Q.E.D.

Lemma 4.6 Let G be a connected graph on [n}, |G| > 1, and let x be in G. Then,
G\{z} = G(z) U G(x) where G(x) and G(z) are connected subgraphs of G that are ei-
ther mutually separated or they touch. Further, we may take G(x) to be all individuals of G
that communicate in G\{x} with the h/v G-neighbors of x, and G(z) to be all individuals of
G that communicate in G\{z} with the v/h G-neighbors of x.
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Note, when G(x) and G(x) touch, G\{x} is a connected set. Also, it may happen that either
G(x) =0 or G(x) = 0, but they cannot both be empty. Since if either one of them is empty,
we have by convention that they are connected, it follows that both must be non-empty if
they are mutually separated.

Proof. Let G(z) be all individuals of G that communicate in G\{z} with the h/v G-
neighbors of x. Let G(z) be all individuals of G that communicate in G\{x} with the v/h
G-neighbors of z. If y € G, then since G is connected, there is a sequence of distinct points
21,21 € G, 1 <1 <n—2, such that

Y 270 > 2 > T

But then by construction, z; is a G-neighbor and y communicates in G\{z} with z;. Thus,
each y € G communicates in G\{z} with either the h/v G-neighbors of = or with the v/h
G-neighbors of z.

We now conclude that G\{z} = G(z) U G(z). Since all h/v G-neighbors touch, and all

v/h G-neighbors touch, by construction, both G(z) and G(z) are connected subgraphs of G.
They are either mutually separated or not, which proves the lemma. Q.E.D.

Corollary 4.1 Let G be a connected graph on [n]?, |G| > 1, and let x be the cylinder
defined as x = {(i,5,k) € G:i =14, j=7, 1<k <myj;} for some (V,j' k') € G. Then,
G\{x} = G(x) UG(x) where G(x) and G(x) are connected subgraphs of G that are either
mutually separated or they touch.

Proof. From Lemma 4.5, Proj(G) is connected. Proj(x) is a point of Proj(G). Thus,
by Lemma 4.6, we have that

Proj(G)\{Proj(x)} = Hy U Hs,

where H; and H, are disjoint, connected subgraphs of Proj(G) on [n]?. By Lemma 4.5, it
follows that Proj. (G) and Projp.(G) are disjoint, connected subgraphs of G on [n]? such
that

ProjpH(G) U Proj i (G)Ux = G.

The proof is completed by noting that either Projy (G) and Proj;!(G) touch or they don’t.
Q.E.D.

Lemma 4.7 Let G be an k-connected graph on [n)2, 2 < k < |[n]3|. Then, there exist an
k — l-connected graph, H(G), and 1-connected graph, H(G)i, i.e. a singleton, such that
HGYUH(G); =G.
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Note, we will use H(G); to refer to both the set and the singleton.
Proof. The proof is broken into two parts. We prove it first for G € [n]?, and then more
generally for G € [n]?.

Case G € [n|3: The proof is by induction. It is clearly true for all 2-connected graphs.
Suppose it is true for all i-connected graphs, 1 <i <k — 1.

Choose any point # € G. By Lemma 4.6, G\{z} the union of at most 2 mutually
separated, connected subgraphs of GG, call them G; and G5. Assume that G, is non-empty,
acknowledging that Gy may be empty, so that G; may equal G\{x}. By a repeated use of
the induction assumption, there exists a sequence of points {z1, ... ,x‘Glg, TG, |+1} such that
Tigy 1 = @, for all 2 <1 < |Gy| + 1, {z,}'_] is a connected graph, {z,}'} and {z;} touch,

G
and G = {xS}L:11|. If
Q]l > e :C|G1‘+17

then «[xS}L,G:g| U{z} UGy = G\{z1} is a connected graph. Clearly, we can let H(G) = G\{z,}
and H(G); = x;. Otherwise, let

v=max{s: 1 <s <|Gy| such that zs ¢ xsi1}.

Then, since {41} touches {z,}V_;, but x, # .1, it follows that {z,}"*! is a connected

s#v
graph. But, because

Tyl <7 0 2 T|Gy|+1 = T,

it follows that {xs}lill‘ U{z} UGy = G\{x,} is a connected graph. Thus, we can let
s#U

H(G)=G\{z,} and H(G); = z,.

Case G € [n?: From Lemma 4.5, we have that G € [n]? is connected iff Proj(G) is con-
nected. By, what we have proved, we can partition Proj(G) into Proj(G) = H(Proj(G))U
H(Proj(G)):, where H(Proj(G)) is a connected graph of magnitude less than or equal
to Kk — 1, H(Proj(G)); is a 1-connected graph. Now, by Lemma 4.5, it follows that both
Proj;{%ij(G))(G) are connected and PTOZ;LI}%PMJ.(G)M(G) are connected. However, by con-
struction, Proj;lzpmj(G))l(G) C {(4,4,k)} 2 for some 1 §~i #j<mn, 1 <m; Iffor

1 < m;; < m;;, we enumerate Proj;l,%g)l(G) as {(i,7,ks)}s_7, then our proof follows by

. - .o m; ;—1 e
letting H(G) = PT’O]H%PTO].(G))(G) U{(4,7,ks) }—i  and H(G)1 = (4,4, km, ). Just note that
some member of (g,r,s) in Projapmj(a))(G) is such that a = b for some a € {q,r} and

b € {i,j} by construction of H(Proj(G))U H(Proj(G));. Q.E.D.

Lemma 4.8 Let G be a 2k-connected graph, 2 < 2k < |[n]3|. Then, there exists k mutually
disjoint, 2-connected graphs, H(G), i = 1,..., K, such that U H?(G) = G.
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Note that even though the x 2-connected graphs are mutually disjoint, they are not mutually
separated.

Proof. The proof is broken into two parts. We prove it first for G € [n]?, and then more
generally for G € [n]?2.

Case G € [n]}: This is an induction argument. The result clearly holds for the case k = 1.
Assume that the result holds for all 2/-connected graphs, 2 <[ < k.

Choose € G. By Lemma 4.6, G\{z} = G(v) U G(x), where G(z) is the collection of
all individuals of G that communicate in G\{z} with the h/v G-neighbors of z, and G(x) is
the collection of all individuals of G that communicate in G\{x} with the v/h G-neighbors
of z. We then have that either G(z) and G(z) are mutually separated, or they are not. We
now address each of the possible cases.

G(r) and G(z) are mutually separated: Assume G(x) and G(z) are mutually separated.
By construction, they both are non-empty. If both |G(z)| and |G(x)| are odd, then it follows
that || +|G(z)|+|G()| is odd, which is a contradiction. Without loss of generality, assume
that |G(z)| is even. Then, z U G(z) and G(x) are both connected graphs. Further, they
are mutually disjoint, and their magnitudes are even and strictly less than 2x. Thus, by
applying our induction assumption independently for z U G(z) and G(z) gives the result.

G(r) and G(r) are not mutually separated: Assume that G(r) and G(x) are not mu-
tually separated, which implies that they touch. If G(z) # 0, let ¥ be an h/v G-neighbor
of . Otherwise, let y be a v/h G-neighbor of x. Then, G(z) U G(x) \ {y} is either 1 or 2
mutually separated, connected subgraphs being formed. If G(z) U G(x) \ {y} is connected,
then because its magnitude is even and strictly less than 2k, the induction hypothesis applied
to G(z) UG(z) \ {y} and {x,y} completes the proof.

If G(2)UG(x)\ {y} is not a connected set, then by Lemma 4.6, it follows that G(z)UG(x)\
{y} = HU H, where H and H are non-empty, mutually separated, connected subgraphs of
G, whose magnitudes are both either even or odd. H is all individuals of G(z) U G(x) that
communicate in G(x) UG(z) \ {y} with h/v G(z) UG (z)-neighbors of y. H is all individuals
of G(x) U G(x) that communicate in G(z) UG(z) \ {y} with v/h G(x) U G(x)-neighbors of
y. Further, |H|, |H| < 2k . If |H| and |H| are both even, then the induction hypothesis
applied to H, H, and {x,y} completes the proof.

If they are both odd, more work needs to be done. Let = = (x¢,z1,1), y1 = (Yo, ¥1,1).
Then, by construction, it follows that z;» = y;- for some i* € {0,1} and some j* € {0,1}.
Then, by construction, since H is non-empty it contains some h/v G(z) U G(z)-neighbors
of y. Thus, there exists a point w = (wg,wy,1) € H such that either wy = yo or w; = yo.
Similarly, by construction, since H is non-empty it contains some v/h G(z) UG (x)-neighbors
of y. Thus, there exists a point z = (g, 21, 1) € H such that either zy = y; or z; = y;. Thus,
since x;+ = y;«, it follows that either x;+ = wy, x;+ = w1, x;+ = 2o, or x;+ = 2. This implies
that either H U {x} and H U {y} are both connected subgraphs disjoint from one another,

23



or HU {y} and H U {z} are both connected subgraphs disjoint from one another. Thus,
the induction hypothesis applied to either H U {z} and H U {y} or H U {y} and H U {x}
completes the proof.

Case G € [n]>: This proof is by induction. The result clearly holds for the case x = 1.
Assume the result holds for all 2/-connected graphs, 2 <[ < k.

If m;; > 3 for some (7,7,k) € G, then we can simply remove 2-connected graphs from
{(4,7,8)}32, N G until there are either 1 or 2 points in {(4,7,5)}22; N G. By this means,
we can assume that m;; € {1,2} for all (¢,j,k) € G. If m;; = 1 for all (4,5,k) € G, the
result holds from the above work for graphs in [n]}. Therefore, assume that m;; = 2 for
some (7,j,k) € G. Indeed, assume that x = {(7,J, k1), (¢, j,k2)} € G. Then, by Corollary
4.1, G\{x} = G(x) UG(x), where G(x) and G(x) are connected subgraphs. If they touch,
G(x) U G(x) is a connected graph whose magnitude is 2(x — 1), and we may apply our
induction assumption to complete the proof, noting that x is a 2-connected graph.

Suppose they are mutually separated. Then, their magnitudes are both even or odd. If
they are both even, they have magnitudes strictly less than 2x, and the proof is complete by
using the induction on each of these sets. If they are both odd, then G(x) U {(4, 4, k1)} and
G(x)U{(i, 7, k2)} both are connected and have even magnitudes strictly less that 2x. Thus,

we use our induction hypothesis to complete the proof. Q.E.D.

Corollary 4.2 Let G be a 2k + 1-connected graph, 3 < 2k + 1 < |[n]3|. Then, there exists
k—1 disjoint, 2-connected graphs, enumerated as H2(G), s =1,...,k—1 and a 3-connected
graph W3(Q), disjoint from H2(G), s = 1,...,k — 1, such that W3(G) U=l H2(G) =G .

Proof. Referring to Lemma 4.7, let « € G such that x and H(G); touch. Then, H(G) has
magnitude 2k, and so by the above lemma there exists k mutually disjoint, 2-connected sets
Wi, ..., Wy such that U¥_ W, = H(G). Assume that x € W,. Then, the collection of sets
Wi, -+, Wi_1, W, U H(G); fulfills the requirements of the corollary by letting H2(G) = W,
fors=1,...,k—1, and W3(GQ) = W, U H(G);. Q.E.D.

Corollary 4.3 Let G be a 2k-connected graph, 2 < k < |[n]?|. Then, there exists k — 2
disjoint, 2-connected graphs, enumerated as H2(G), s = 1,...,k—2 and a 4-connected graph

W4@Q), disjoint from HX(G), s =1,...,k —2, such that W*(G) U2 H2(G) = G

Proof. By Lemma 4.8, there exists & mutually disjoint, 2-connected graphs, H?(G),
i=1,...,k, such that UF_, H*(G) = G. Two of them must touch, as the graph is connected.
Q.E.D.

Corollary 4.4 Let n be so large that 4 < |[n]3|. Let G be a k-connected graph, 1 < k < 4.
Then, G = {x1,...,x} such that

x1H$2(_>"'ka
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Proof. This is obvious for £ = 1,2,3. When k£ = 4, we know by Lemma 4.8 that
G = {x1,22} U{y1,y2} where x; < x5 and y; < 3. Since G is connected, {1, 25} and
{y1,y2} touch, say x5 < y; without loss of generality. Then,

Q.E.D.

Before we proceed, note that g&({x}) = g,(k) is just the set of all k-connected graphs on
[n]3. Also, let

g22({2};b—c) = {G € A} : |G| =2, G is connected and either balanced or cylindrical}.

Also, recall from Lemma 4.13, for {ay,b1), {as, by), {as, bs) € {0,1}2,

n
1

1 _ E

)\n - E Msy,s0

S$1,52=1
1 n n
2 _
Aolar, b)) = 3 E My s E My (gay (51,52),55)
s1,52=1 s3=1
1 n n n
3 . _
)‘n(alab%a%b?) = m E Msy,s9 E My, (gay (51,52),53) E :mhbz(gaQ(hbl(gal(51732)733))734)
S1,82=1 s3=1 sq4=1
n n n
4 1
An(alab27a2ab2;a37b3) = E E Mgy ,s0 E mhbl(gal(sl,sz),53) E mhbz(g%(hbl(gal(51,32),33)),34) X
S1,82=1 s3=1 sq=1

Z MMhy, (gag (Poy (gag (hby (gay (51,82),53)),54)),85)

s5=1

Lemma 4.9 There exists an N and a constant A depending on N such that for alln > N,

g2 ({20 =) < An? (4)
lga({2h)] < an® (5)
({31 < At (6)
g, ({4})] < A (7)

Proof.
Equation (4): By Corollary 4.4, any 2-connected graph may be constructed by choosing
a point in [n]?, and then choosing a point connected to it. There are Z?,_J:; S i possible

J
ways to choose the first point. If the first point chosen is (4, j, k) € [n]3, to have the second
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point be connected to it and the graph be balanced, the second point can be chosen in
exactly m;; ways. To have the second point be connected to it and the graph be cylindrical,
the second point can be chosen in exactly m;; — 1 ways. In either case, as m; ; = m;;,

1,j=1

12({2};b—¢)] < 2 m’]<22m )2 =n?23%(1 + 0%(1)).
i#]

Let Ny be so large that for all n > Ny, |(1+ 0%(1))| < 2. Let \g = 262
Equation (5): That

n  Mij
ga({2h)] = —ZZ mij — +Zmzs+2mw+2ms,+2mﬁ
Firlal i g ok g

follows from simple counting. By Corollary 4.4, any 2-connected graph may be constructed
by choosing a point in [n]?, and then choosing a point connected to it. There are > " gz S

possible ways to choose the first point. If the first point chosen is (4, j, k) € [n]2, to have the
second point be connected to it, the second point can be chosen in exactly

(mij— 1)+ me+ ZmS,J+Zm“+ ijs

s;éz 7 s;éz J s;ﬁz s;éz 7

ways. We divide by two, so as to discount for the ordering in this process.
Now, by Lemma 4.13, for some 0 € R, we have that

1 n mg g
5 E g m’L,j + § mzs+ g m5]+ E msz+ E m]s
i j=1 k=
Zi];tfj k=1 S;ﬁu 9#@1 S# S;ﬁu
S _E mz,] E mzs E ms,y“’E msz+§ m]s
t,j=1

= Z n )\ (al,bl)

(a17b1>€{0,1}2
< n*40(1 + o} (1))

Let Ny be so large that for all n > Ny, [(1 4 0L(1))] < 2. Let A\, = 46.

Equation (6): As demonstrated above, for any point (i, j, k) € [n]?, a second point can be
connected to it in exactly

n n n n

O mis Y mag Y meit Y my)
s=1 s=1 s=1 s=1
s#j sF#1 s#j s#£i
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From Corollary 4.4 it then follows, using the same reasoning as above, that all members
of g2({3}) can be gotten by choosing points x; first, zo second, and x3 third such that
P TRE A PPL x3 Therefore, using the same reasoning above, over counting by being able to
choose some points more than once, and that noting that the above method will over count
by at least 3, as it will produce the same graph when x5 is first, x3 is second, and x; is third

n n n n
ST DIEDDLNE D
s=1 s=1 s=1 s=1

or x3 is first, x7 is second, and x5 is third, we have

|9, ({3})]

<

IA

n Mgy n Mis

522 2.0 (mist Eimw Emvs+§:mm }jmsv
7 ’U¢S U¢'L ’U?és VF#L

1J1k151u1

n Mij n Msj

2 Zzzm53+zmjv+zmvs+ mvd‘f‘
7 s

i,j=1 k=1 s=1 y=1
i#] s#J v#s 'u;ég v#

n  Mij n Ms;

Zjlklslul v=1
j v#£S 'uyﬁz 'u#

‘Zzzzmsz Zmzv+zmvs+ merstv

n Mij; n Mjs

3 Zzzmjs ijv+zmvs va,]+ 4
i#] U;ﬁ.s vy

Zﬂlkl s=1 y=1 v=1
57#7 vEj v;é.s

n mi g n Mis

ZZ ZZ me“‘zmvs—i-zmm—l—stv

t,j=1 k=1 s=1 u=1 v=1

n Mg n Msji n

ZZ ZZ ngvﬂLvas—l—mejLstv

i,j=1 k=1 s=1 u=1 v=1

n o Mij n Ms;

ZZ ZZ me‘f‘zmvsﬂLme—FZm”

Jlklslulvl

n Mij n Mjs

ZZ ZZ ZvaWLvas—i‘me%—stv

jlklslulvl

Zmz,] Zmzs Zmzv+zmvs+zmvz+zmsv

7]1

Zng stj ijv+zmvs+zmvj+zmsv +

1,j=1
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Zmz,] stz Zmzv+zmvs+zmvz+zmsv

,Jl

Zmz,] ijs ijv+zmvs+zmv,j+zmsv

i,j=1
= n Z X(a1, b1; az, bo)
(al,b1>,(a2,b2>6{071}2
< n'160(1 + 02(1))

again by Lemma 4.13.
For example, we can choose point 1 and 2, connected by being in the same row, and then
choosing point 3 connected to point 2, which can happen in

n mg ;5 n Mis

ZZ ZZ Zmzv+zmvs+zmvz+2mm

i,j=1 k=1 s=1 y=1 v=1
1#£] s#j v#s v;éz v;ﬁs

ways.
Let Ny be so large that for all n > Ny, |(1 4 02(1))] < 2. Let Ay = 166.

Equation (7): From Corollary 4.4 it then follows, using the fact that from Lemma 4.8 that
a 4-connected graph may be decomposed into 2 2-connected graphs, and the same reasoning
as above, that all members of g?({4}) can be gotten by choosing points x; first, zo second,

3 third and x4 fourth such that x; & T & T3 & x4. Therefore, using the same reasoning
above, over counting by being able to choose some points more than once, and noting that
the above method will over count by at least 4, Lemma 4.13 gives

ga({4})] < > n°Ab (a1, by az, b; a, bs)
<a1,b1>,...,<a3,63)€{0,1}2

< n°640(1 +02(1))

Let N3 be so large that for all n > N, [(1 4 03(1))| < 2, and let A3 = 646.
Then, setting N = max{ Ny, N1, No, N3} and A = max{\g, \1, A2, \3} completing the
proof.

Q.E.D.
For k € Z™, define

P[R] :{UEP[K]:7"222,3:1,...7C0—}.
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Lemma 4.10 Let n, k € Z*, k <|[[n}|. For o € P\ Py,
Z ‘E(}/;lyjl,kl T }/;'rzyjn,kn)| = O (8>
{(iszjs)ks)}::le‘qz(g)

Also, for o € 73[*;}, andn, kK € ZT, 6 <k <|[n]?], n > N,

AR
n(3f€)/2

K < 9
where N and X are defined in Lemma 4.9.

Proof.

Equation (8)

If o € PM\’P[’;], then r{ = 1 for some 1 < t < C,. By Lemma 4.3, for all G =
{(i87j5’k5>}::1 € 92(0)7 N(G) = C,, and

Co
E(Y;le,/ﬂ e }/ilmjn:kn) = H E( H YZ]J“,S)

v=1 (q,r,8)EB(G)v

Then, by definition, for some 1 < u < C,, |B(G),| = r{ = 1, implying that B(G), =
{(,4,k)} for some (i, j, k). Thus,

which implies equation (8).
Equation (9)

Let n, k € ZT, 6 < k < |[n]3|, and ¢ € Py. To simplify, let C; = [, and rJ = ry for
s=1,...,0. For s=1,...,l, let m be the number of r, that are odd. Note that x — 3m has
to be even, and 3m < k, which follows as such: the claim is obvious when m = 0. If m > 1
and {rs, }7, is the collection of odd rg, then ry, — 3 is even for all 1 < i < m. But then,
S (rs, — 3) is even, and so,

1s even.
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Now, consider the following simple algorithm, hereafter referred to algorithm R. In this
algorithm, if m = 0, it is understood that steps 3 and 4 are not performed, and if 3m = &,
that steps 1 and 2 are not performed:

1. Step 1: Choose a 2-connected graph.
Let 2 <i < ==m,

2. Step i: Assuming the 2-connected graphs.G%, ...,G% | have been chosen mutually
disjoint, choose a 2-connected graph from [n]?\ UiZ] G2
K—3m
3. Step £ + 1: Choose a 3-connected graph G3 from [nJ2\ U, 3 G3.
Let%—l—lgqg%—i—m.

4. Step ¢q: Let s = q — % Assuming the 2-connected graphs G2,..., G2_ g and the

3-connected graphs G3, ..., G2_; have been chosen mutually disjoint, choose a 3 connected
3
graph G2 from [n]? \UZ T GTuUL L G3.
5. Step “’3’” +m + 1: Collect the resulting ””’3"”‘ + m connected graphs.

Note that Z = |G?|+ Y071 1G3| = 2557 + 3m = & < |[n]2|, which implies the algorithm
is possible.

First, assume that 0 < 3m < k. By Lemma 4.8 and Corollary 4.2, it follows that that any
element of {{B(G)1,...,B(G)n()}}eegs(o) can be achieved with this algorithm. But how
many unordered different collections of connected graphs will result from the above process?

From simple counting, an upper bound on this number is

1 K—3m)/ A" 1/2)(3k—m)
(((H—sm)p)!(m) (A”) ) < G amya
From Lemma 4.9, and as already discussed, there are at most An® 2-connected graphs. We
are picking (k — 3m)/2 of them, but the order of choosing is inconsequential, which we
divide by ((k — 3m)/2)!. From Lemma 4.9, there are at most An* 3-connected graphs. We
are picking m 3-connected graphs, but, again, the order of choosing is inconsequential, so
we divide by m!.

Since (k —3m)/2 +m = (k —m)/2, either (k — 3m)/2 or m is greater than or equal to
(k —m)/4. Thus,

((k—=3m)/2)Im! > |(k —m)/4]! > |(k — (1/3)r)/4]! = |k/6]\.

Thus, the result holds for 0 < 3m < k.

Now assume that m = 0. In this case, an upperbound for the number of different
collections of connected graphs that will result from the above process is bounded above
with the same reasoning as used above, except m = 0. Since 6 < k, this gives that

3\k/2 K
g5(o)] < LT A

(k/2)! = |x/6]!
30
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Finally, assume that 3m = k. In this case, [ = m, r; = 3 for all <. From Lemma 4.9, and
as seen above, there are at most An? ways to pick a 3-connected graph on [n]?. This gives
that, for all 6 < k,

)\H/S A
K (4r)/3 (3r)/2
9= G S g™

Q.E.D.

4.4.2 Proof of Proposition

Proposition 2.5 Let n, k € Z*, 6 < k < |[n]2|. There exists a function f : ZT — Rt such
that
tl"

Z Z ‘E(Y;lyjl,kl e }/%K7jﬁakﬁ)|W S f(’i)J

0€P) {(is,s,ks) o1 €95 ()

and
Zf(/{) < 0.
k=6

Proof. Let n, k € Z*, 6 < k <|[n]?|. From equation (8) of Lemma 4.10, it follows that

> > |E (Y gk Yiegeko)|

Uep[n] {(i37j37ks)}::1 EQZ(U)
= Z Z ‘E<}/;1,j1,k1 T Y;mjmkn)l'

E€P[ {isus ks) Yoo €973 (0)

From Lemma 4.10, and that [P},| < [Ppq| = p(r) < 2%, it follows that

t|® C*[t|®
Z Z |E(Y;17j1,k‘1 o 'Y;'mjmkn”# = Z Z n(3’L)|/2

UE,P[*K] {(is,Js:ks)} o1 €95(0) UE,P[*,{] {(is,Js:ks) o1 €95(0)

Cm’t‘n
= aBR2 Z Z
o€P( {(is,ds k) Yoo €95 (o)
Cm|t|/£ .
— L6R2 Z |gn<0>|
UEP[’;]
(J"‘|t|“2H A" (35)/2
n@)/27 | (k/6)]!
(2)\)"

[k/6]!

IA

VAN

O ¢]"
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If we let f(k) = fi;‘%j, C*t|* for 6 < k, then it is not hard to show that

Zf(lﬁ) < 00.

By Stirling’s approximation, let M > 2 be so large such that, for all kK > M,

(s/6))! > [(5/12)]
> L ([(s/12)1/) ) /2 T(w/12)]
> 2 (5/12)/e)?).

Then, with 8 = 2\C|¢|,

NG 1. o= /(12e)/123\ %
2 2 o]l < 522 ()

r=M k=M

/OO (—(126)1/12ﬁ>xdx < 00.
1

u 21/12

IN

Q.E.D.

4.5 Proof of Proposition 2.6

We require 3 preliminary lemmas. We review relevant notation before each lemma.

Recall that for any finite graph G € [n]?, we defined
V;‘,(G) = {<Z7ja k) € [n]g . (iajv k) « <Q7T>S> for some (qara 8) € G}
Lemma 4.11 Letn > 3. If G is an unbalanced, non-cylindrical, 2-connected graph on [n]?,
then there exist A C {1,...,n} such that |A| =3, and V,(G) = AX Z* x ZT UZT x A X
ZtNZy .. If G is either a balanced, 2-connected graph on [n]} or a 2-connected cylinder on
[n)2, then there exist A C {1,...,n} such that |A| =2, and V,(G) = A X ZT x ZT UZ* x
AXTZINZE .

In other words, when G is an unbalanced, non-cylindrical 2-connected set, then V;(G) are
all points that are either in one of three different hyper-rows or one of three different hyper-
columns.

Solution. This is almost obvious. Let G be an unbalanced, non-cylindrical, 2-connected
graph on [n]2. Then, we may assume G = {(i, 7, k), (¢, 7, s)} where {i, j, ¢, 7} contains exactly

32



3 unique elements, denote them iq,1s,73. It follows that if A = {iy,4s,73}, then Vi(G) =
AXZT X ZTUZY x AXZYNZ} . A similar argument holds when G is either a balanced,

2-connected graph on [n]3 or a a 2-connected cylinder on [n]?. Q.E.D.

Let n € Z*, n large. Let X = {@(; k), (g,r.5) Fijk, grseinjs De a finite set of distinct objects,
€.8. T(ijk)(qrs) May be a 2-graph defined by the indices of a pair of variables Y(; j x), Y{(g,rs),
ie. T(in g = 164, k), (g, 7, 8)}. Fori, j € ZT, i < j, and x; = (21, ...,2;) € (X)7, we
define

Xii = <(L’1, C 7l‘i>.

Let T = {t1,1ts,t3,t4} be a collection of 4 distinct real numbers. Let f : X — T =
{t1,ta,t3,t4} C R, so the t; represents one of 4 distinct categories that an element of X may
belong to, e.g. colors, or, in our case, possible covariance values a correlated pair {Y; ; 5, Y5}
may take.

Lemma 4.12 Let m € ZT, m > 2, and C C (X)™. For 1 <i <m, let
C: = {zi€(X)" : Xy, = 2; for some X, € C}
ForteT, let
A(t) = {z el flz) =1},
and for 2 <i<m and z;_1 € C;_q, let
Ai(zimt) = {x;€C x50 =21, f(z;) =1t}

Assume that there exists a Z*-valued sequence {€,}n>1 such that €, = 0,(n?), and for all
VAR Cl7

3
n
\|A1(75j)|—0425§! < €

for 1 < 5 < 4. Further, assume that for 2 <i < m and any x; € C;,

3
n
HAi(Xiflsth—OéQﬁ?\ < €

for1 <5 <4.
Then, for any m € Z", we have that

a?B(ty +ty + t3 +ty) i m

o ) fem) = ( 5

<217-~-7Zm)€

+ 0, (n®™).
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Solution. Let t,, = (t1,... 1) € T™, and
Con(tm) = {xn€C: f(xl-)—A- i=1,...,m}
AR, = {z},x3,...,x7) e Hc
zle A(ly), x2 e Ag(xl;tg), X" e An(xm i)}

There is a bijection between C,(t,,) and A(t,,). To see such consider, the following map
g: A(ty,) — (X)™ such that for (v1,x2,...,x™) € A(t,,)

m

g((m%,xg,..., >) < %x27"'> z>

By construction, ¢ is into Cm(fm), and it must be onto. For x,,, € Cm(fm), it follows that

(T1, Xm.2s - -+ Xmm) € A(Em), 9({T1,Xm2, - -+ Xenm)) = Xom-
It also clearly has to be 1-1. Assume (z{,x3,...,x7) # (21,%2,...,%™) and they are both

members of A(ty,). If i is the smallest index such that x! # %%, then ! # 2!, and their
images under g must be distinct.

We now may find an upper and lower bound on |C,,(£,,)|. As Cp(t,,) and A(%,,) are in
1 — 1 correspondence, it follows that

Culbw)) = > > >

z1€A1(H) x3€ Az (p132) XM T1EAp—1 (X 5iEm) X EAm (X" T:tm)

m—2"
By assumption, since
3 3
n n
(a267 —€n) < < ((1257 +€n).
xi€Ai (zi—13ts)
for all x;,_; € C;, we have that

3

(o 25—_571 Z Z < (a2ﬁ%+€n)m.

I1€A1(t1) x2€ A2 (z13t2) Xm € Am (Xm—1:tm)

As

@7 e =3 (1) @) et = (@877 4 0,



From this we may conclude that

S f@)e fan) = (e da) (@25)" + ou(n™).

Zm ECm (tm)

Finally, we have

Yo f=) fam) = Z RAS A

(#15e.r2m)€EC tm €T™ (21,...,2m ) ECn (tm)
. . n?
- ¥ {(tl et (0205 on(n3m)}
tmeTm
3
~ ~ n
= () (e B (@85 + on(n®™)
tmeT™

3
n
= (htttty +4) (@)™ + on(n™).
Q.E.D.
Lemma 4.13 Let k € ZF, and {a;}2, € (Z)" such that L3 a4 —a.

MAX A, C[n] | An|=k D_ic A, Ti
n

Proof. Let i, € [n] such that max?_; a; = a;,. If lim, 4,, < 0o, then the result is obvious.
Suppose that #,, — oco. Then, we have that

' . in—1
I ip—1 1 % . a . a
a:hm,—Zai:hm - : Zai%—hm#:a%—hm#,
o in 4= no 1y tp— 1 — no i no i,
which implies that
. ay . a;
0=1lm—>lim—=>0 .
no i, n n

Thus,

MAX A, ol | An|=k Diea, G _ Kai,
n T on

Q.E.D.

35



Corollary 4.5 Let k € ZF, and {a;}3°, € (Z*)2" such that 237 a; — a.

1 1
max  |— ai——E a| — 0 .
AnClnl|Anl=k 'n A= n
1=

Solution.

MAXA,, C[n], A=k D_c 4, Vi
max E al——E a;| = —0 .

AnClnl,|An|=k n n
1€An
Q.E.D.
Let A, B C Z". Recall that we call an (] A|x |B|)-array complete or a complete (| A|x|B|)-
array iff m; ; > 0fori e A, j € B.

Lemma 4.14 Letn, k € Z", k < |[n)?|. Then, for o € By nosufficiently larger than k,

> E(Yiy it Yiegae)
{(is,s,ks)} 521 €973 ()
2
_ (5/12)!((1 B(p+27'+u+77)>n/2n(3ﬁ)/2(1 +o0,(1)) : r2=2 s=1,...,Cy, ()
(n(39)/2) : 17 #2 for some 1 < s<C,. (%)

Proof. Let C, =1, and r{ =rgfor s =1,...,1L
Equation (x)

Let n > N from Lemma 4.9. Let r; = 2 for all i = 1,...,l. Then,  is even, | = /2,
and N(G) = & for all G € g;(0). Let i = [{m;,1 <i < n:m; # 0}]. Assume that n is so

large that 35 < n. This is possible because n = 00, as lim, % S m; — a > 0. Consider
the following simple algorithm, henceforth referred to as algorithm @:

1. Step 1: Choose a 2-connected graph G2.
Let 2 < k < k/2.

2. Step k: Assuming the 2-connected graphs G%,...,G%_, have been chosen mutually
separated, eliminate V;(G%), 1 < j < k — 1. Choose a 2-connected graph G} from the
remaining points on the [n]e

3. Step /2 + 1: Form the ordered collection of /2 mutually separated, 2-connected
graphs (G%, ... ,Gi/Q).

4. Step k/2 + 2: Form the unordered collection of /2 mutually separated, 2-connected
graphs {GQ}“/2
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Algorithm @ is possible because for 1 < k < k/2, during the k + 1th step, by Lemma
4.11, at most 3k hyper-rows and 3k hyper-columns are removed, leaving at least a complete
(n—3k) x (7 — 3k)-array of points G to be chosen from. However, since n—3k > n—3(k/2—
1)) > 3, and clearly a 2-connected graph can be chosen from a complete s x s-array for any
s > 3, a 2-connected graph may be chosen from G.

Let =% be the set of all ordered collections of graphs that may be generated by algorithm
Q. Let Zf be the set of all unordered collections of graphs that may be generated by
algorithm (). Let S¢ be all elements of =¢, that have either a balanced marginal graph
or a cylindrical marginal graph, and S¢ be all elements of =¢ that have either a balanced
marginal graph or a cylindrical marginal graph. Specifically,

Z0 = {(G1,...,Gxp2) 1 (G1, ..., Grj2) may be generated by algorithm Q},

26 = {{G1,...,Gup} 1 {G1, ..., Gypa} may be generated by algorithm Q7},

Sy = {(G1,...,Grp) € ZG ¢ for some 1 <4 < k/2, Gj is either balanced or cylindrical},
So = HG1,...,Grp} € 25 ¢ for some 1 <i < /2, Gjis either balanced or cylindrical}.

It is useful to remark that |Z3[/(x/2)! = |Z4], [Sl/(k/2)! = |SG|.
Now, clearly

Eg) C {{B(G)l, ey B(G)N(G)}}Gegg(g),
and if {B(G)1,...,B(G)xj2} € {{B(G)1, ..., B(G)nw)}aegs(o), then it follows that
Vi(B(G);) NVi(B(G);) =0

for all 1 < i # j < k/2. Thus, any element of {{B(G)1,...,B(G)n@)}}eegs(s) may be
generated by algorithm @), and so,

= = {{B(G)1,....B(G)n@ Haego)

Now, if for any 2-connected set G = {(i,j, k), (¢,r,8)} € [n]2, we will let Yo = Vi k- Yors,
it then follows from our previous discussion that

> E(Yi gk Yiegoke) = > E(Yq -+ Ya,),)
{(isdaks)}::legﬁ(‘ﬂ {Gl 7777 GK/Q}E{{B(G)l 7777 B(G)N(G)}}Geqfl(o)

= Z E(Ye, -+ Ya,,)

We now want to control the sum of the expected values over =¢, which we accomplish
as follows: recall that we are assuming that n is so large that 3x < n, and consider the
following simple algorithm, which will be referred to as algorithm L:
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1. Step 1: Choose an unbalanced, non-cylindrical, 2-connected graph H%.
Let 2 < k < k/2.
2. Step k: Assuming the unbalanced, non-cylindrical, 2-connected graphs HZ, ..., H? ,

have been chosen mutually separated, eliminate eliminate V;(H ]2 ), 1 <j <k—1. Choose an

unbalanced, non-cylindrical, 2-connected graph H? from the remaining points on the [n]2.

3. Step /2 + 1: Form the ordered collection of x/2 mutually separated, 2-connected
graphs (HY, ..., H ).

4. Step k/2 + 2: Form the unordered collection of x/2 mutually separated, 2-connected
graphs {HJZ}"T”/2

J=1

Algorithm L for exactly the same reason that algorithm Q is possible.

Let =9 be the set of all ordered collections of sets that may be generated by algorithm
L. Let Z% be the set of all unordered collections of sets that may be generated by algorithm
L. Specifically,

27 = {(Hi,...,Hy): (Hi,..., Hy») may be generated by algorithm L},

—u

=7 = {{Hi,...,Hp} : {H1,...,H,} may be generated by algorithm L}.

It is useful to remark that |=9|/(k/2)! = |ZY].
From construction, we have that

E% C EZ) = {{B(G)l, e B(G)N(G)}}Gegg(g).
Furthermore, we have that
1261 — 2L = 1551 < 154

However, it follows by choosing first at which step in algorithm Q will either a balanced,
2-connected graph be chosen or a cylindrical, 2-connected graph be chosen, and then using
Lemma 4.9 to count the number of possible 2-connected graphs at each step, that

K/2

sal < 3 (17w O = o, 0,

i=1
From this, it immediately follows that
Z EYg, - YG~/2) - Z E(Yeg, 'YGm/z) + |C|Hon(n(3’i)/2)
{Gn,..., GK/Q}EEE? {G1,..., GH/Z}GE%

= Y. BE(Ya - Ya,,) +on(n?)



Therefore, it is left to show that

L o p+7+v 4+ @
Z E(YG1 "'YGn/z) = (/{/2)'( 9 ) /Qn(3 )/2(1 +On(1))'
{Gl 7777 Gm/Q}eEz )

We start this by noting that every member {G1,...,G,/2} of Z} corresponds to exactly
(k/2)! members of =7, each of which is just an ordered permutation of {G4, ..., Gy/2}. Then,
if o is a permutation of [k/2], because

E(YGl o 'YG,@/2> E(YG’U(U o 'YGJ(K/Q))
it follows that
1
Z E(YGl"'YGN/Q) = (li/2)' Z E(YGl"'YGn/2>

{G]_ ..... GH/Q}GE% ' <G]_ ..... Gn/2>€Ei

1
= - > EBE(Ye)-E(Yq,,)
(/2) (G1,0,G e 2) €9
----- Kk/2)S=],

We now apply Lemma 4.12. Recall for ¢ € {p, 7, v,n}, that an unbalanced, non-cylindrical,
2-connected graph G is of type t or a type t 2-connected graph iff F(Yg) =t. Let C = =9.
Then, Cj. is the collection of all possible ordered collections of unbalanced, non-cylindrical,
2-connected graphs (H?,..., H?) that may be generated by algorithm L up to step k,
1 <k < k/2. In addition, the f of Lemma 4.12 in this case is the map that takes any of
the connected 2-graphs H} to f(H}) = E(Yyz2), so that T' = {t, = p,ts = 7,t3 = v,y = n}.
This is because the H? in this case are unbalanced, non-cylindrical, 2-connected graphs.

Now, for 1 < j <4, A(t;), as defined in Lemma 4.12 in reference to C = =9, is simply
the number of H? generated from algorithm L that are of type ¢;, and for 2 < k < /2, and
any x,_1 = (HF,...,H; |) € Ch_1, Ap(x)_1;t;) as defined in in Lemma 4.12 in reference
to C = 29, is simply the number of (H%,..., H?) generated from algorithm L such that
(H? ... H} )= (H3,...,H; ,), and H? is of type t;. Lettting Cy_; = 0, xo € Cy = 0, and
A (0;t;) = Ai(t)), then, for 1 < k < k/2 and any xj,_; € Cy_1, we can count |Ay(xx_1;%;)|
with sufficient accuracy to finish the proof.

In particular, for 1 < k < /2, on the kth step, after having chosen x;,_; = (H>, ..., H; ) €
Ci_1, from Lemma 4.11, exactly 3(k — 1) hyper-rows and 3(k — 1) hyper-columns of [n]? are
removed, so that the points of H? are chosen exactly from some (n — 3(k — 1))?-array
depending on the algorithm up until time k. If, by Lemma 4.11, we let Q(0) = 0, and
Q(xk-1) = {i1,...,30—1)} for 2 < k < k/2, then Q(x4_1) is the set of row and column
coordinates of the hyper-rows and hyper-columns that are removed after the (k — 1)st step.
Then, to pick an unbalanced, non-cylindrical, 2-connected graph H? on the kth step , the
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first point can be chosen in

n

E , Usy,so

s51,89=1
s$1#52, 51,50FQ(x_1)

ways. Conditional on the first point, if we let

{a(ty), b(t1)) (
(a(t2),b(t2)) =
(a(ts),b(ts)) =

(a(ts),b(ts)) = {
the second point, for the graph H{ to be of type t;, can be chosen in

n

§ : uhb(tj)(ga(tj)(51752)753)
sz3=1
$37#51,82, $2€Q(xp_1)

Now, let

K/

4
op = mbxhax max {E mi}
i=1 j=0 ACn],|A|=k

n n

i=1 i=1

2 3 1 1 - 2 - /
€n = a’fn (aTﬁ(E Zmi ijst) —1)+9,

i=1 =1  s=1
implying by Lemma 4.13 that €, = 0,(n3). Thus, setting Q(xx_1) = Q to ease the notation,
and noting that for any 1 <1,7,s < n,
2 2
mivjmhb(tj)(ga(tj)(i:j)vs) =m;mjims O midmhb(tj)(ga(tj)(iJ):S) = MMM,

it follows from our observations above that

2| Ap(xp-13t5)| = Z m;; Z Moy, (Gagr ) (1),5)

1,j=1

i#£j, 1,j€Q S#J 5¢Q
= Zm Z moY m
s=1
LQQ J#l J§ZQ s#4,5, sEQ
n n
- Zm =2 mQomi = Y m)( me— > my)
i€eQ j=1 JEQU{3} s=1 s€QU{i,j}
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Obviously,

n

Qumi =2 mHQ_mi— Y, m)QY_ me— > my)
i=1 i€Q = J€QUi} s=1 s€QU{i,j}

< Zm ZmJst

= o’pn® + (Z m? Z m; zn:ms — a?fBn?)

= o’pn’ +0¢25n Zm ZmJst - 1)

o?pnd +e, .

IN

On the other hand,

n

Z Zm ij Z mj)(ims— Z ms)

i€Q j=1 jeQuii} s=1 s€QU{i,j}
SR SIEEAD ST
j=1 s=1

= (Z m; ij > o m) — (25n(z m?)(z m;) + MZ m;)* — 53(2 m;) — 253(2 mi)* + 0,)

However, we see that

|25n(z": m?)(zn: m;) + 5n(zn: m;)® — 5721(2 m7) — 252(273 mi)* + 83| <o,
=1 =1 =1

i=1 i=1

which implies that

Zm =2 m)Qmi= Y my) st > m

LieQ j=1 JEQU{i} s€QU{i,j}
> (T
= oﬂﬁn?’ + O{Qﬁn?)(aTﬁ(E Zm? ij st) — ].) — 5;
i=1 j=1 s=1
= o?Bnd—e¢, .
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Thus,

2 n®
HAk(XkA;P)‘ -« 5?‘ < € -
It now follows from Lemma 4.12 that

X E0a) B(¥e) = (T g ey

_ 1 (a26(p+f+v+n>
(r/2)! 2

(G1,.-,.Gry2) EEY,

)n/?n(3n)/2(1 + On(l))

Equation ()

Let n, Kk € Z", and o € Py To simplify, let C, = [, and r{ = ry for s = 1,...,[. For
s=1,...,1, let m be the number of r that are odd. We are assuming at least one r; # 2,
which means that the largest [ can be is § — % which is only and integer when x is odd.
Recall also that kK — 3m has to be even, and 3m < k.

Recall algorithm R from the proof of Lemma 4.10. In this algorithm, if m = 0, it is
understood that steps 3 and 4 are not performed, and if 3m = &, that steps 1 and 2 are not

performed:

1. Step 1: Choose a 2-connected graph.
Let 2 <4 < 520m

2. Step i: Assuming the 2-connected graphs G2, ...,G? | have been chosen mutually
disjoint, choose a 2-connected graph from [n]3\ UiZ] G2. o

3. Step 5 4 1: Choose a 3-connected graph GF from [nJ2\ U, G3.
Let 52m +1 < g < 53 4,

4. Step ¢q: Let s = q — =2 3m Assuming the 2-connected graphs G2, ..., G%_ nmim and the
3-connected graphs G2, .. Gg’ ; have been chosen mutually disjoint, choose a 3 connected

graph G? from [n]? \UZ 13 GFUlUiZ 1G3

5. Step “_3’” + m + 1: Collect the resulting ”_3’” -+ m connected graphs.
Note that Z |G2| + Y G =285 3m = k < |[n]3|, which implies the algorithm
is possible.

Let 0 < 3m < k. We already saw in Lemma 4.10 that algorithm R gives an upper bound
on |g(o)%|, given by

)\I{

1 1 (1/2)(3r—m)
2! (k —3m)/2)!m!

1 1 3m) /2
ﬁ(((/{—3m)/2)!(/\n A )/mw” ) <
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1 \F nUAE—D) — ) ((30)/2),
2! (k —3m)/2)!m!

Now, let m = 0. In this case, x is even, and the largest [ can be is § — 1, which would

be when there o consists of one 4 and § — 2 2’s. Then, by Corollary 4.3, and Lemma 4.9, if
follows that for all n > N,

l9(0)5] < MnP(An?)272 < A\FpBR/271 = o (n39)/2)

A and N from Lemma 4.9.

This just follows from using the proceeding simple algorithm:

1. Step 1: Choose an 4-connected set G*.
Let 2<i<®—1.

2. Step i: Assuming the connected graphs G',..., G, [G°| = 2,2 < s < i — 1, have
been chosen mutually disjoint, choose an 2-connected graph from [n]3\ U'_] G7.

3. Step 5: Form the collection of § — 1 connected graphs {GI 2:1-

As 327 |GI] = k < |[n]2], this algorithm is possible for any n, & € ZF, x < |[n]2|. Then,
any member of {{B(G)1, ..., B(G)n(@) } }aegs(o) can be achieved with this algorithm, because
m = 0, and thus, we can use Lemma 4.3.

Thus, we have proved that |g%(c)| = 0,(n®*/2). Because |Y; x| < C for all (i,j,k) €
Z} ., we conclude

> Eijim Yijor) < Cf0,(nB9/2) = 0, (n3)/2)
(livdeska) Vi €05(0)

Q.E.D.

Proposition 2.6 Let n, k € Z*, k < |[n]3].

tli
Z Z E(Y;hjl,kll T }/;:/mjfmkm) n(3,§/)/2

UEP[&] {(is:ds ks) o1 €95 (o)

B (K/12)!(a25(p+;+u+7l))n/2tn(1 + On(l)) K even
t"on(1) K odd.

Proof. For k € Z*, Kk even, let oy € 73[’;] such that r?2 = 2 for 1 < s < k/2. Then, we
begin by noting that for x > 1 and o € Py, we have established by Lemma 4.10 and Lemma
4.14 that

> IACORWIREED G

{(is:ds:ks) Yoo €95 (0)
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(r/2)! 2
0, (n3¥)/2) . else

It should be said that Z{(z‘57j5,ks)}gzlegg(o)
actually equal to zero when o € P \P[;.
So, we have for £ odd that

tﬁ:
Z Z E(}/;hjl,]ﬁ o }/;'K7jn7kn) n(31€)/2

O-GP[N] {(ls Js 7ks)}.§=1 S (U)

tff
- n(3l€)/2 Z Z E<Y;;15j17k1 e }/;Hyjnykn)

UGP {(Zs,]syks)}'$ 1€gn(a)

- 35)/2 Z on(n™1%)

0677
= t"0,(1),

as p(k) < 27 < o0.
Similarly, for s even,

tK/
Z Z E(Yihjlukl T Yimjmkﬂ) n(8r)/2

0€P) {(is,s,ks) o1 €95 ()
1

— Z E(Yiy ik - 'Emjm’%)n(:’»n)/?

{(is,Js,ks) Y51 €953 (02)

tﬁ
+ Z Z E(Yi i 'n“’j"’k“>n(3“)/2

TE€P] {(is,s,ks) o €9 (o)

oFog

tlﬁ)
= TGoR > E(Yi g Yigjoks)

{(is:js:ks)}N 1€9n(0'2)

n(3K) /2 Z Z E(Y;hjl,kl o 'Y;mjmkn)

€P] {(is,s,ks) o1 €95(0)

oFog

{ L (SR 2 @02 (1 4 0,(1)) o = o

E(Y; ik - Yi. juke) 1s not only o, (n 3”)/2) but

e 1 (a2ﬁ(p+7—|—y—|—n)
nBr)/2 (k/2)! 2

K K th: K
)R+ on(U) + S D on(n®”)

UEP[N]
oFog

N 1(aw@+7+u+m
 (K/2)! 2
1 a®Blp+7+v+n)

a mmﬁ( 2

again because p(k) < 2% < oco.

Y251 4 0,(1)) + t50,(1)

Y5251 4 0,(1)).
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5 Proof of Lemma for Theorem 1.2

5.1 Proof of Lemma 3.1
Lemma 3.1 Let {m;}2, € L. Then, for 1 <1 <4,

Mgy ,s9 Mhy 1)) Ga(ry) (51:52)553)
L)
n3 Z Z Z Z YSl,S?:klth(tl)(ga(tl)(81,82),83),k2 — ™
s1,82=1 k=1 s3=1 ko=1
81782 sg#{s1,s2}

Proof.
Let 1 <[ < 4. First, we note that
Mgy ,s9 Mhy 1) Ga(ry) (51552)553)
hm_ E E E E E(Yzﬂ,szylﬁth(tl)(ga(tl)(s1,s2),83),k2)
s1,82=1 k=1 s3=1 ko=1
51782 sg&{s1,s2}
= 1 117?1 3 E Msy,s9 § : M1y (9acey) (51552),83)
51,89=1 sgz=1
51752 83€{51 sg}
- tlhfln 3 E : sy 50 E : My (1)) (9a(ey) (51,52),53) T
S81,82= 1 sz3=1
53€{81 s2}
t hfln 3 E :mshsl § :mhbm) (9a(ty)(s1,52),53)
s1=1 s3=1
537551
= U hgn 3 E : My ,s9 E :mhh(tl) (9a(ty) (s1,52), ss) T
S1,82=1 s3=1
1 n
tlllgnﬁ E : My ,s2 E : mhb(tl)(ga(tl)(31752)753)+
s1,52=1 536{1 2}
b hgnﬁ E :msl,sl E : Mohy 1) (9acey) (51,52),83)
s1=1 s3=1
53787
2
— a’f

Thus, it suffices to assume that E(Y;hsmlth(tl)(ga(m(51732)753)7;@) =0forall 1 < sq,89,83 <
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n, 1 <k <mj, 1<k < My, (9agey) (51,52),53) , and show that

Msy 59 mhb(tl)(ga(tl)(51’52)’53)
P
ng E E E E YSLSQ,klth(tl)(ga(tl)(31a52)»53)7k2 — 0
s1,80=1 k=1 sz=1 ko=1
81752 s3&{s1,s2}

In consideration thereof, let € > 0. Then,

Mgy 59 Mhy (1) Ga(ty) (51:52):53)
]P Z Z Z Z Yslvs%klth(tl)(ga(tl)(51,82),83),k2| > 6)
s1,89=1 s3=1 k2:1
51752 s3#{s1,52}
Mgy 59 Mhy 1) Fa(ty) (51552)553)
2
€2nb n3 Z Z Z § : }/;1’827]61th(tl)(ga(tl)(slus2)7s3):k2)
s1,89=1 kl— s3=1 k2:1
51752 s3#{s1,52}
However,
My ,s0 n Mhyey) aey) (51552)553)
2
n3 Z Z Z Z Y;1752,k1th(tl)(ga(tl)(31:32)753)7k2)
s1,82=1 k=1 s3=1 ko=1
81752 s3€{s1,s2}
My 5o " b(ty) (Fa(t)) (51:52):53) My 5o " hb(t)) (9a(t)) (54-55):56)
SEYDS > > >
S1,.-,86=1 ki1=1 ko=1 ks=1 ka=1
|E(}{917527k1th(tl)(ga(tl)(51732)753)7k2Y541557k3th(tl)(ga(tl)(54755)786)»k4>| +
1 n My 0 Msy,s0 May, 5 P(t) Ga(ty)(34:55):56)
< ® > > 2 2 >
nﬁ
81,--,56=1 ki=1 ko=1 kz=1 ka=1

hi(t)) Ga(ty) (51:52),53)=(s1,52)
’E(}/;l ,82,k1 }/81,52,162 }/:‘34,85,163 th(iz) (ga(tl)(54,55),56),k4> | +

Misy s hb(tl)(ga(tl)(ﬂ,SQ%sa) My, 59 mhb(tl)(ga(tl)(31’82)’S6)

%zzzzz

S15eees sg=1 ki1=1 ko=1 ks=1 ka=1
(s4,85)=(s1,52)

|E(Y81782J€1 th(tl)(ga(tl)(51732)753)7k2 Yoy 50,k3 th(tl) (ga(tl)(51752)786)7k4> |+

1 n Msy 9 " Po(ty) Fa(ty) (51:52):58) Mgy 55 M) sy
v > > > > 2
S1sees sg=1 k1=1 ko=1 ks=1 k4=1

() Ga(ty) (54:95):56)=(s1,52)

’E(}/;l ,52,k1 th(tl)(ga(tl)(81,82),83)71@ }/;47857163 }/;1782,k4> | +
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IA

IA

n My, s9 mhb(tl)(ga(tl)(sl,sg),sg) mhb(tl)(ga(tl)(sl,s2),53) mhb(tl)(ga(tl)(hb(tl)(ga(tl)(sl,SQ),SS)),%)

YD S S > >

$15eer5g=1 ki=1 ko=1 k=1 kq=1
<S4ys5>:hb(zl)(ga(tl)(81782)753)

|E(Y817827k1 th(tl)(ga(tl)(51752)753)ak2 th(tl) (9a(t;) (s1,52),53) ks th(tl) (9a(ty) Pty (Ga(ey) (51752)753))756)7k4) | +

1 n My s | ho(t)) Ga(ty) (51:52)553) msy ox " hi(t)) Ga(ty) (51552),53)
" 2 2.2 XX
n
51,--,56=1 k1=1 ko=1 ks=1 ka=1

hp(t)) (ga(tl) (54’55>*56):hb(tl)(ga(tl)(51*52)753)

|E(Ye 50,01 th(tl)(ga(tl)(51752)753)7k72 Yoy s5,ks th(zl) (ga(tl)(51152)153)7k4> |+

1 n Msy 59 mhb(tl)(ga(tl)(sl’SQ)’s3) Misy,s5 Msy,s5
= ) ) ) > >+
S15eees sg=1 k1=1 ko=1 ks=1 k4=1

P (ty) (ga(tl) (s4,55),56)=(s4,55)

’E(Yg17527k1 th(tl)(ga(tl)(81,82),83),k2 }/;4,55,193 Y:94,S5J€4) |

n
1 2
6 Z Mgy 59 Msa,85Mhy 1)) (9ar)) (54555),56) +
$1,52,54,55,56=1
n
1 2
b Z Mgy 5 Mhyry) (Gace) (51552),83) TVhi ey (Gagey) (51,52),56) +
81,52,83,86=1
n
]‘ 2
6 Z TG 55 M) (9agey) (51,52),58) Thsa,ss T
81,...,85=1
n
1 2
E Z m81,82mhb(tl)(ga(tl)(31,52),83)mhb(tl)(ga(tl)(hb(tl)(ga(tl)(81752)753))756)
81,52,83,86=1
n
1 2
E Z mSI,SZmhb(tl)(ga(tl)(81,82)733)m84,55 +
S1,...,85=1
1 2
6 E : Mes1,52Mhy 1)) (9acey) (51552),83) sy 55
81,...,85=1
n
1 2.2 2 4
pr: Mg, Mg, M Mg Mg
$1,82,54,85,56=1
1 n
E 3 3 4 2
E (m51m32m33m36 + m51m52m53m56)
$1,52,83,86=1
n
i 3 m2 +
pr: Mg M, Mg Mg, Mgy
S1,e-,85=1
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n
1
4 2 3 2 2 3 3
6 E (mslmSQmsngG + Mg Mg, Mg Mg + mslmSQmsngb‘)
51,52,53,56=1
n

2 2
6 E Mg Mgy Mg Mgy Mgy +

= — _max _{(E(X)")" - (B(X1)?)7 1+ oa(1))

N 0<i1,51,.-,95,J5 <4

Q.E.D.
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