326 Ch. 6 Vector Analysis

2: 41 ; ‘
3J + 3k. Determine the moment of the force about the a) x axis, and b) a line

oriented by the unit vector i, = —2i + 3j — 1k

6.3 Vector Differentiation

6.3.1 ORDINARY DIFFERENTIATION

We study vector functions of one or more scalar variables. In this section |

we examine &m.man:z,mao: of vector functions of one variable. The derivative
of the vector u(r) with respect to ¢ is defined, as usual, by

du . ut + A7) — up) :
= >-~W=o Ar , (6.3.1)
where
u(t + Ay) — u() = Au. (6.3.2)

This is illustrated in Fig. 6.11. Note that the direction of Au is, in general
unrelated to the direction of u(t). .

z Au
u(t)
u(t + Ap)

X
FIGURE 6.11. Vectors used in the definition of the derivative du/dr.

mn.o.B this definition it follows that the sums and products involving vector
quantities can be differentiated as in ordinary calculus; that is,

4w = o230 L 99
%@5 &&+=Mﬂ

d _dv du
. &u? vVV=u o + Vi (6.3.3)

d
N&:x&n:x&m+@x9

If we express the vector u(z) in rectangular coordinates, as

u(®) = ui + wj + wuk, (6.3.4)
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if can be differentiated term by term to yield

du _ du,,  du,,  du,
il Li7e R (6.3.5)
provided that the unit vectors i, j, and k are independent of ¢. If ¢ represents
time, such a reference frame is referred to as an inertial reference frame.
We shall illustrate differentiation by considering the motion of a particle
in a noninertial reference frame. Let us calculate the velocity and acceleration
of such a particle. The particle occupies the position (x, y, z) measured in the
noninertial xyz reference frame which is rotating with an angular velocity o,
as shown in Fig. 6.12. The xyz reference frame is located by the vector s
relative to the inertial XYZ reference frame.* The velocity V referred to the
XYZ frame is

d ds dr
<I&|NAm+~.vll&.M+N. (6.3.6)

Particle

Al = w At

i(z + A
i(2)

| Ai] = w At

Ai

FIGURE 6.12. Motion referred to a noninertial reference frame.

The quantity ds/dt is the velocity of the xyz reference frame and is denoted
V.. The vector dr/dt is, using r = xi + yj + zKk,

dr  dx dy dz di dj dk

— =i+ it —k+xo ty . 6.3.7

ardi  dr) TR TR 6.3.7)
To determine an expression for the time derivatives of the unit vectors, which
are due to the angular velocity o of the xyz frame, consider the unit vector i
to rotate through a small angle during the time At, illustrated in Fig. 6.12.

*This reference frame is attached to the ground in the case of a projectile or a
rotating device; it is attached to the sun when describing the motion of satellites.



a paosoxd st digsuone(ar usald ay) pue

p p
A4 =—n=
np + Ap
AML» + mlﬂ.-—v oc.mﬂ_% = ?.3“
w W UM 1Jo] 918 I
[Av) 037
wi
0« AV Ny I
‘30USH] ) <« AV PUE § <« MY YI0q ‘Q <« IV SeUW P UL
—1 1
S oE__q = ?.EN
.>.=|>.=+=<.>+>4.=+>4.=< P
piaik o1 papuedxa st 1onpoxd sy,
1 1
v "l = (xom)

WA Gn — (04 + AVT- (@) + 07 |
" synsal 211 IV + )A puUB UV + )n 10§ Sunmnsqng

AP = (DA — (0V + DA

. ay = ()n — GV + )0
(11°9 81 235) Jeyy mouy am ng |
— 1
. v oE:< _ Qr.:v.m
(HA-(m — IV + DA-(V + 0
1M 0] SN SmO[[e JANJBALIAD © Jo uonuyap YL :NOLLN10S
p
.Mﬁlir + m.: =(A.-0)—
np Ap 4

JeU} MOUS ‘IATIBALISP € JO UONIUY3P 21 3uisny  :1°¢'9 ajdwrexy

pue e £poq piSu € JoJ -duresy z£x Sy} JO UOHRIIOE endue 9 st jp/op

enb o
pUR ‘u0NV42]200D $1)0M0) Y} SE 0} PRl ua1jo SI A X @7 Anu UL .,..

e 2 ]
.uxmg|+€x3vx3+>x3~+a+u<n<

SNQ E:

uoj oY) ut paziuedioas st sIYL 4

AN%MOV umu Jo1 9
.A..x3+>vx3+..x||+>x3+u+ V=V

uay3 st uoeIa[a3de nuus—Own—ﬁvM

62€ uoNDUII[fI(] 101927  £°G I8

YL "swely z£x 9y ul paasasqo sponred ay) Jo uoneIEOOE Ay ST B aroym

. ) _p
(91°€'9) ..x3+>!@
(S1°€9) AX® 48
p P, p p p p
~_n + —‘a + ~_*q + s —. mx _
ip _.Nv Ip u—Nﬁﬁ .aamu + ap
_pp
a4+ a4 ra)= = 22
™ vn e
p
['€9 oy
(F1°€9) V=nt
uonenba sip uy
i oo p ap
€9 T X O I — o T
(E1°€'9) 1P op Tap tmp=ap=V

ureiqo o} auin o)
100dsar yim A 3unenuaogip 4q peureiqo SV UOIEBIS[ADJE J)N[Osqe Y |,
(zZ1°¢'9) X 0 4 A4 PA = A

se £)100[2A 3Jn[osqe 2y Joj uorssardxa oty LM UBD 9M ‘Q0USH

e P
(11°¢'9) u_m+_.@+_wml>
St awrely z4x 3y} 01 aane[a: aponred o JO A L11d078A 9y,
(01°¢'9)
. p p P
v_x3N+_x3a+mx3a+xN+.ﬁ@+_wm+ A=A
dAey am ‘9'¢ 9 by oy /¢ ‘b pue asaip Sunmsqng
1p p
(6¢ AxO=—"— [xo=_
9) 1 AP {p

‘Ae[ung 1y jo
uonoanp ays ut § 03 rernotpuadiad 103094 11un € ST M /1 x ® Lnuenb ay) azoym

. ¢ uq Q<Iy NQOAI~<
) o = T = Yo —
(8¢9) I x — - w] T
1 X @ v
v oy
(O — (v + T = 1p

SI[NS3I 212y} ‘SANRALISP ® JO UONIUYSP oy Juisny

SISKIpUY 4019374 9 YD) 143




‘sronred e Jo uono  “€1°9 AUNDIA X

s
v+ Iy +'1
1
)]
wX UV + DA o
z
e spnaed
jo med
13 hm N@ aﬂ mm X W.m = A
(€T€9) Nt Ve Ve T V=Y

se ‘c1'9 "S1J ur umoys ‘sutod OM] UIIMIAQ AY
AJ100[2A [RIUSWISIOUT ) UM M ‘wnnuiuod e ‘saponied 4q pardnoso ATy
uot3a: e ur apoured renonted e JO UOHEIS[200E SY) UL PAISIIAUI I8 M J]

e
(T €'9) Voo ="
Aq uaaid st ny aoeds ur jutod paxy e 1y
ey 2€ Ag X _
(17°¢9) Voot Vo T Vg =

SI SuIl} UT JueIsul dules ay) 1. (2y + Z ‘Ay + £ ‘xy + %)
pue (z ‘€ ‘x) sjurod om) oy usamiaq my Lnuenb [ejuswALUL YL
'} vcm ‘z ‘A ‘x Jo uonouny & 3q P[nod uauodwod Yoes aryMm

xe _.xm e xe

(0T°€9) v_ﬁ 50 Y e T e
aaey om sjusuodwod ay) Jo suud} uf -
. . xv ‘Wi = xe
(61°€9) (z'rm — (¢ ‘2 xy + )N ne

3q 0) pauUYap SI ¥ 0} 102dsas YPIM N Jo dAneALISp [enJed ay],

‘(1 ‘z ‘€ ‘x)n woNOUNJ J0IOAA B IOPISUO)) “SP[3Y mc_ntowou.cosa
ATessaoou oIe SOANRALIdp [ereq sojdurexs are spjoy ainssaid pue ‘splRY
A1oo]aa ‘sp[ay onoudew ‘Sploy OUId9e [sauupnb piayf se 0) paLjar ﬁw%
are sounuenb yong -sw Yim Area osfe Aewr Aynuenb sy *1sa19)ul JO UOT
owos uo syutod [[e e pauyap aq Amuenb e jeyy axnbar euswouayd Auey

NOILVLINTIHAAId TVILIVd €9

I€€ uonpuUIR[i(q 101924 £'9 03§

m  uondanp jeyr ur SurdSn) v asuss uosiad a1 soyewr
YOIYyM “UOnOW JO UONIIIIP Sy O] [RWLIOU SI ety uoneIs[aooe Jo Jusuodwod £ oy ajoN

S/ byl — 12 v—
(€ X AT'T) X AT'T + [(19-) x '1]C

\{
UaY) ST UONLISIIOE ANJOSqe YT,
Q- =4 € =1 Ni=o

Uay[, ‘WZLO Sy} pIemo) SIXe x ayp Suope Sunyfem uosrod
S PUB [EONIA SIXE 2 9y} M pUnoI-o3-A11ow ayy o) SUIey 30UIJAI zAx oY) Yoeny

[@AX®) xo4axmz=y

St UOURID[300® 2IN[OSqe Y} ‘Sny], *019Z SI punol-og-£1isw ap
01 3Ane[3I Uostad a1 Jo & uonRIS[dIE 31 ‘os1y punos-08-Luew ays jo p /®p uone
-19[200% Ie[nFue oy si se ‘019z 9q 0} powInsse S J*'y UOTBIS[OIIL Y], :NOLLTOS

"UOTIBION JO SIX® U} WO W ¢
uonrsod e sayoear uossad oy usym UOREIS[OOIE IIN[OSQE Y} SJR[NO[E)) "S/PBI 7'] ST
punos-o3-Auaw ayy Jo A110070A JenSue QUL "S/Wl § JO 9)eI JULISUOD B Je JuI[ [RIPE] B
Juoe punor-08-Luow € Jo 13us0 oY} premo) Junjem st uosiad v :ggrg sduwexy

B OS/W 96 + 08 4 19¢— = A

SAWO23qQ S S T = 71y

AS + 107 + oy — 1)
Iov — 6,10z + 4S + 1

Il

A
ST A100[9A jnjosqe ap ‘snyj,
or - L7 =
O -9+ L+ xqz=ax ®

ST £1190[oA Ie[n3ue Sy 0) aNp UONNQLIUD Y,

NG + Hg =
P p

—1 +_.+_N|I"|">
(0 —ng + I Ln 7

SI ‘qurely 20ua15a1 JUNLIOI SY) WOLY POMIIA sE “K1d0[0A Y
AX O A=A
ST AJ100[0A JINJOSQE AU § = A 1BY) UGAID)  INOLLNIOS
ST =1
¥e A20[aA smmjosqe oy suruwslaq 'SIXE Z 941 In0qe /el (7 Jo Ad0[A Ie[nSue ue

SEY 1210 3nq AY00[2A [EUORE[SUED OU Sey Jey) owrel) J0USIOJAT B UI PAINSEAW *SIDNOW
A - s + Iz + 1.2 = 1 4q uaa13 st sponred e jo uonisod oy :7°¢°9 spduexy

Sishpuy 401924 9 'y ggg



