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1.1 The concept of a space-time

Space and time are notions familiar to everyone. We shall explore the
way in which they form a single entity called space—time, firstly according
to the ordinary everyday view of how events occur (i.e. according to
Newtonian theory). In later sections we shall examine the space—time

description of relativity theory.

Space-time according to a single observer

Consider a cine camera set up above a billiard table, pointing directly
down to take a series of photographs of the billiard balls on the table
(Fig. 1.1a). We may use x and y coordinates to express the position of
each of the balls, and could even make these coordinates explicit by
marking a coordinate grid on the billiard table. Suppose that one of the
balls moves as time progresses, while the rest are stationary. Then the x
and y coordinates of this ball will change with time according to this
motion, and this will be reflected in the photographs.

Now imagine cutting the cine film to separate the images (Fig. 1.1b)
a.nd then stacking these photographs one above the other in their correct
time sequence, with the earliest photograph at the bottom and the latest
at the top (Fig. 1.1c). The position of each ball at any time t=1¢"is
represented by the posififm of its image in the corresponding photograph,
with its SUCCESSIVE positions at later times recorded in the subsequent
Pl}lfl’toff aphs higher up in the stack. Thus a glance at this stack of pictures
Will show the way the arrangement of the balls changes with time; in

particular it will show
stationary. how one ball moves and the others are all

ohisi ¢ table). However, there is one
_ S 1S very frail: ' its
order. . Iy Irail: one sneeze will destroy
furSizrg tzgmri?cii th{s’ IMagine taking the stack of photographs and
(Fig. 1.1d) Th]gs is Zrt;:- o 1_3Vcn,.t0 obtain a solid, durable space—time
: ee-dimensiona] Space—time, with the vertical axis

problem: the stack of photogra
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(d)

Fig. 1.1 Constructing a space-time. (a) A cine camera takes photographs of

billiard balls on a table. One ball moves relative to the others. (b) A series of

photographs from the film. (c) The photographs stacked together, later ones

above the earlier ones. (d) The photographs fused together to form a
‘space-time’, with time coordinate t and spatial coordinates X, y.

depicting time, represented by a coordinate ¢ (measured by a clock), and
the horizontal axes depicting spatial position on the surface of the table,
represented by coordinates x and y (measured by rulers). The space—time
represents the histories of all objects in the two-dimensional space. Thus
the histories of the stationary billiard balls are represented by vertical
tubes in the space—time, while the history of a ball moving to the left is
;Epresented by a tube sloping over to the left. To recover the detailed
;:?zrg of mOt?ons of objects in the space, simply consider a series of
s, Eilt:nl sections of the space—time (surfaces of instantaneity) at latlclar
hiStoriegr ft“nes- These sections intersect the tubes representing the
constant ?hthe. stationary balls at x and y coordinate ppsﬁmns that stsz
represemii owing that they are indeed stationary), and intersect the :
more tq thg Ihe ball m.oving to the left in positions that are succeSS:V% y
Considerip ¢ et (Sho.wmg it does indeed move to the left). In efft:cu,c t g
series of g’u: succession of time slices in this way one can recon® :1 2
SPaCe-—time ages_ f?(?rresponding to the photographs f-rom‘ whic -
Was initially constructed, and then by considering these
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turn one can visualize the motion of the particles as in a ¢jpe film Th
space—time therefore completely represents thesg motipns. ¢

The space-time we have constructed is .three-dlmensmnal, represemjn
the histories of objects in a two-dimensmn.al space (the surface of the
table). Of course, real space—time is four-dimensional, w?th three SPace
dimensions (described by coordinates X, ¥, z) aﬂfl one time dimensj(,n
(described by the coordinate ), representing the histories of a]] Objects h
three-dimensional space. We cannot easily represent this in 5 single
picture. However a study of three-dimensional (or even tWO-dimensional)
space—times will enable us to understand many of the properties of the
full four-dimensional space-time. We will demonstrate this in the rest of
this book.

Space-time according to different observers

Different observers will in general have different views of the space—time,
Returning to consider the billiard table discussed above, we Suppose now
that in addition to a camera A held fixed above the billiard table, (Fig,
1.2a), there is a second camera B, which moves with the moving ba]|
(Fig. 1.2b).* To simplify matters suppose that the ball moves parallel to
the x-axis; then the camera will also move parallel to the x axis at the
same speed as the ball, directly above it, so that the ball stays at a fixed
position in the viewfinder. Then in the space—time model constructed
from the pictures obtained by A (exactly as described above) the history
of the moving ball is a tube slanted to the left (Fig. 1.2c), while in the
space—time model constructed by B (again, exactly as above) the history
of this ball is a vertical tube (Fig. 1.2d). This is because the ball moves to
the left relative to the coordinate x corresponding to A’s view, but stays
fixed in the coordinate x’ corresponding to B’s view. Thus we have two
different views of the same set of happenings. These are the same
space—time described from different viewpoints.

This illustrates one of the major issues that arises in understanding
space—times: one can use different coordinate systems, corresponding to
making different sets of observations, to study the same physical system.
The space—time representations arising will apparently be different, but
can in fact be transformed into each other by making the appropriate
changes of coordinates. Later we will determine the mathematical
transformations that relate the viewpoints of the two observers. For the
present, we simply note that when we consider the series of photographs
from which the space—time representations are constructed, the relation
is a simple one. Suppose that before we fuse A’s set of photogl'aphs

*If you feel that the labels A and B for the different cameras and the corresponding
observers are antiseptically impersonal, you might like to substitute names such as Alfred or
Angela for A, Barbara or Bernard for B. While such labelling may well initially help :53
beginner to grasp what is happening, ultimately it becomes an annoying distraction. W¢
have chosen to use the more convenient abstract labels from the beginning.
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Fig. 1.2 Effect of the observer’s motion on the space-time picture. (a)
Camera A is fixed above the billard table. (b) Camera B moves with the
moving billiard ball. (c) The space—time view of the ball’s history, constructed
from A’s photographs. (d) The space-time constructed from B’s photographs.

A's view B's view
equivalent
i |
/y Vg

p
| same

view

Fig. 1. :
Eguiva?enﬁlti-'lm{ h they look different, A’s and B’s space—time views azﬁ
+ Shiding A's “pictures sideways before fusing them together W

give the same space-time view as B’s.




10 Space-time diagrams and the foundations of special relativjo,

together, we slide them carefully sideways pntil the images of t
ball are directly above each othe_r (Fig. 1.3)_; then A’g and Iii,g
representation of the same set of physical events will be the Same. B, th's
means, the view obtained by the first camera has been transforme a iy
the same as that obtained by the second. Intg

he mOVi

Examples of space-times
The ideas explained so far should become quite clear op
considering two examples.

(A) A planet in circular motion around a sun. In the sun’s frame o
reference, the sun is at rest in the spatial coordinates used, whije the
planet circles around it, describing a helix in space-time (Fig. 1.4). T,
see that this is the correct space-time picture, consider later and late,
time sections of the space-time; the positions of the Planet in the
successive surfaces of instantaneity trace out a circle around the sun, ag
required.

(B) A circular wave in a pond. Consider dropping a stone into g large
pond at some time ¢, producing a spreading spherical ripple in the pond
(Fig. 1.5a). Photographs of the crest of the spherically spreading waye
taken from a camera stationary above the point of impact (Fig. 1.5b)
produce a space—time picture in which the spreading wave is depicted ag
a cone with apex at time ¢ =1, (Fig. 1.5c). Again considering later and
later surfaces of instantaneity in the space—time, we recover the series of
images depicting the spherically spreading wave, starting from the centre
at time ¢,.

Points in space—time are called events. An event represents a particular
position in the physical world at a particular time, the set of all events
representing the spatial and temporal locations of all possible physical
occurrences. A world-line is the path traced out in space—time by the
events representing the history of a particular particle or light ray. For
example the helix in example (A) is the world-line of the planet as it
orbits around the sun. Not all lines in space—time are possible world-

car efuuy

/

-

Sun planet

Fig. 1.4 A planet in circular motion around the Sun, describing a helix in
Space—time.
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spreading ripple t,
() (b) .

.

X
(©)

Fig. 1.5 (a) Circular ripples produced by a stone thrown into a pond. (b) A
succession of photographs of the spreading wave. (c) A space-time view of
the spreading wave.

lines; for example, if a line reaches a maximum time and then slopes
down again (Fig. 1.6), it does not represent a possible world-line of a
massive body, because time would start to go backwards along such a
world-line, where it slopes down. We shall discover further restrictions

on allowable world lines after considering the limiting role played by the
speed of light in relativity.

t

77\

Fig. 1.6 Curves in space-time: Ais a possible particle history, or world-line;
B is not.
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Summary ‘

Space-time represents the histories of objects in space. When the SPace
represented is two-dimensional, the space-time is three-dimensiona]
(three coordinates are needed to characterize E.lll events: the two Spatig]
coordinates x and y depicting the spatial position of the event, gp the
coordinate ¢ representing the time of the event). The full Space-time
needed to represent all events in the real physical world jg four.
dimensional (with one time coordinate and three spatial coordinates),
Each surface (¢ = constant) tells us where each object was at the time ¢
according to an observer using a particular coordinate system, sa;r
(x, y, 2); these surfaces are slices of instantaneity or simultaneity in the
space-time (Fig. 1.7).

t - constant}
/ Y /

Fig. 1.7 A {t = constant} slice of a space-time; this represents a surface of
simultaneity.

Exercises

1.1 An observer O watches the engine of a train shunting on a straight track;
he chooses the x coordinate to measure distance along the track. Plot the
world-line of the engine in the (¢, x) plane if, starting at a distance of 50 m from
the observer, (i) it moves at 10 m/sec away from the observer for 5 seconds; (ii)
then it is stationary for 7 seconds; (iii) then it moves at § m/sec towards the
observer for 8 seconds.

+ 1.2 The motion of a rocket relative to observer A is shown in Fig. 1.8. What

A
. Rocket
— 10f
3 sf
o
- ;1=
41
2-
1 1 1
0 2 4 § 8

\
X=x/c (light-secs)
Fig. 1.8
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s the distance of the rocket from A at t =0 years? at t = 10 years? What is the

speed of motion of the rocket relative to A?

, 1.3 Draw a space—time diagram representing the motion of the Moon about

the Earth (stating carefully what reference frame you are using). Indicate
approximate time and spatial scales on your diagram.

1.4 Suppose 2 particle in an accelerator moves in a circular orbit of radius
25 m, speeding up all the time as it moves. Sketch a space—time diagram of its
motion.

. 1.5 Two cars A and B, watched by a person C waiting to cross the street,
collide and then bounce apart. Sketch the world-lines of A, B, and C as seen by
(i) the driver of one of the cars; (ii) the driver of the other car; (iii) the person
waiting to cross the street. [The drivers are each securely seat-belted into their
respective cars. |

e —

So far, our discussion of space-times has been based on the everyday
ideas of Newtonian theory. The concept of a space-time applies equally
in the case of relativity theory, provided we take into account important
relativity principles which we examine in the next two sections.

1.2 Causality and the speed of light

The speed at which light travels is very large but nevertheless is finite. It
is measured to be approximately 3 X 10'°cm/sec=3X 10® m/sec =
300 000 km/sec. Thus, for example, light travels 30km in 10 *sec=
(1/10000) sec, and 300 km in 10~ sec = (1/1000) sec. According to the
Newtonian view of space—time, there is nothing special about the speed
of light, and physical influences (e.g. changes in a gravitational field) can
propagate faster: indeed, in principle they can influence distant regions
instantaneously. According to relativity theory, the situation is quite
different.

The limiting nature of the speed of light
One of the basic principles of Einstein’s special theory of relativity is that

the speed of light is a Timiting,_speed for all communication and for all_
Totion of massive bodies; indeed it is a limiting speed for propagation of
all causal influences. One should note here that this speed is the speed of
travel of all electromagnetic radiation, not merely light; it is the speed of
travel of infrared and ultraviolet radiation, of radio waves and X-rays, as
well as visible light (because these are all forms of electromagnetic
radiation, at different wavelengths). Further, it will be the speed of travel
of any particles of zero rest mass there may be, e.g. gravitons and
massless neutrinos as well as photons. Thus one can send signals at the
speed of light in many ways, but there is no way one can send a signal
faster. Any massive object, €.g. @ rocket, a meteorite, a human being,

cannot travel as fast as light.
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There is expenmenta’ evicence for this pripejpy %
ro

On the one hand, no particle or signal has eye, been o Many
faster than this gpeed. On the other, attempts {,, accmeaSUFEd tssur%r
higher speeds fail. For example, suppose ope aCCEIer:t ¢ oy
linear accelerator, and then plots the square of y “ Parige,'
against the energy given to the particles. Newtonigy theor, 18 §
no matter how hlgh the speed, the I'C.SUItl.ng graph wi| bef)’ Prede "
because the kinetic €nergy of thfz particle is proport; o] toat ;ftra'gh‘ ﬁ na:
its speed of mgtlon; in particular, therf: should pe i esql{are #
accelerating particles to move faster than light. Ip Practice ; artiey
that the Newtonian prediction 1is correct at low Speeds, byt , " ou
speeds the experimental resu_Its deviate fmm. this predictiop; & ighe,
attained is less than that predicted by Newtonian theory, This happ:,?:e-d
In

Newtonian
Theor

y

Experiment

{Speed)’

Energy

i i inst the energy
Fig. 1.9 A graph of the square of the speed of a particle against th¢ €
cn‘g motion g?veg to it, showing the experimental result and the prediction of

ic o icle, the
Newtonian theory. No matter how much energy Is given to the particle,

speed of light c is a limit to the speed it attains.

such a way that no matter how much energy one imparts it 1S no;ipo S;lgl)e
to accelerate particles to move faster than the speed of .hght (Fig. 0
The amount of energy needed to accelerate fr:lst-rllt?'v’lng .
higher speeds becomes larger and larger as the speed mcreas;:ss energys
and smaller speed increments result from each doubling qf ; fial result
and the speed of light is never reached. This is an EXP?r.lmen f dollars
th.at has been proved many times over at a cost of many billions 7 in use)-
(since that is the cost of the high energy particle accelerators g

oot:lsz ha; to invest large sums of money in accelerators
lhxﬁtwcz r:_:-effect, because the speed of light is sO large: tht; .
aircraft inly does not act as a factor restricting the SP

» O other vehicles on the earth!
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The need to allow for the speed of light

The time delay between 11_Ehtniﬂg and thunder reminds us to allow for the
speed of sound, but that is not the only allowance we should make! The
imiting nature of the speed of light in special relativity means that one
should always allow for light travel time in analysing any physical

henomenon. As an exalmple,lany photograph will, in general, include
images of objects at various distances and so various light travel times.
This means the 1mages in a photograph will represent the states of the
objects pictured at different times in the past. Thus a photograph of the
Moon framed by trees represents the state of the moon 1.27 seconds
caier than that of the trees; a photograph of distant galaxies with
foreground stars (Fig. 1.10) represents delays of millions of years in the
state of the galaxies relative to the stars (the stars will typically be at
distances for which the light travel time is thousands of years but the
galaxies at distances for which the light travel time is millions of years).
In each case we see the object at the instant where the light was emitted;
the camera therefore necessarily records the resulting time delays. The
cover photograph of this book graphically shows a time delay of 8
minutes 18.7 seconds (the time taken for light to travel from the Sun to
the Earth), because the image of the Sun represents the situation there
about eight minutes before the Earth was illuminated by that light.
Because the camera records images by means of light arriving at it at one
instant, the photograph depicts the state of the Sun eight minutes earlier
than the state of the Earth pictured in the same image.

To explore this effect further, consider a camera 3 metres above the
centre of a circular pond of diameter 8 metres (Fig. 1.11a). The light has
to travel a distance of 3 metres from the centre of the pond to the
camera, taking (3 m)/(3 X 10®m/sec) = 107" seconds to do so, but light
from the edge of the pond has to travel a distance of 5 metres, taking
(Sm)/(3 x 10° m/sec) = 3 X 107® seconds to do so. Thus light from the
edge takes 2 X 10~ seconds more to reach the camera than light from the
centre. A photograph records one instant when light reaches the camera
from different places within its field of view; if these places are at various
distances from the camera, the image obtained will represent the
different times when the light set out towards the camera. Hence, when
the camera takes a photograph of the pond. one will obtain images of the
sitiation in different areas of the pond at different times: ligh?%?mfﬁe
edge has to travel further and so has to set out earlier in order to reach
the lens at the same time as light from the centre. If we sketch lines of
exact simultaneity on a photo P, of the pond taken by the camera, they
will form circles with the outer circle depicting the situation at the pond
earliest, say at a time t,, and the central point the situation at a time £,
which is 0.667 x 10~® seconds later than t; (Fig. 1.11b). A photograph
taken by the camera is not an instantaneous photograph of the pond!
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Fig. 1.10 Dist .
belong to oy ant galaxies and foreground stars. The foreground stars all

galaxy M81 si: Om"hgea'ax}’. which is a spiral system of stars and dust like the
are at a distance of s ihe .four ‘nearby’ galaxies visible in the photograph
are even more dist e mrlllo_ns of light years from us (three fainter galaxies
light years, The ant) but the individual stars seen are within a few thousand
sarily involved ir? C;Itograph dramatically illustrates the time delays neces
Conditions at the all our observations of distant objects: we are seeing
few thousang eagr?:,lames millions of years ago, and those in the stars up 10
were at times g ago. Thus the images represent these objects as they

fering by millions of years. (Photograph from the Hale

Observatory.)

T

Fig. 1.11 (a) A camera abov
centre is clearly shorter tt
Consequently, light arriving :
light arriving at the same i
imaging time on a photograp
ing to earlier times. (c) Surfa
the pond (viewed edge-on, s
The photograph P, is showr
graphs before fusing, to r

exactly hori

Hence, on stacking a succe:
to obtain a representation
represent exact simultaneit
horizontal slice of space-t
images), the situation repr
one is from the centre. Tt
* In Section 1.1, we ignored ligh

simultaneous. This will be a goo
everyday time and length scales.
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P
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A
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(d)

ig. 1. camera above the centre of a pond: the distance d, to the
E:esnt:e"is (gl)eaArly shorter than the distance d, to a point t‘utr:hterr t?:;tr;
Consequently, light arriving at the camera from the centre‘seit ou fa gnstant
light arriving at the same instant from the edge. (b) C!rcles o i et
imaging time on a photograph P of the ponc 0 588, £ ographs of
ing to earlier times. (c) Surfaces of simuitaf it ook s i
the pond (viewed edge-on, showing the finite thl(‘.. ness o pk Libu .

is shown shaded. (d) Distortion of the stack of photo
;?:PI’?: Ot:gfg(:f'lg hfups:ir:;, to represent cgrrectly surfacgs of simultaneity as

exactly horizontal sections of space-time.

Hence, on stacking a succession of photographs fogether qnc} fusmg‘lfheni
to obtain a representation of space—time, horizontal sections will no
represent exact simultaneity:* as one moves out from the centre 01;l a
horizontal slice of space—time (which will be_ one of the_ ph(;togf;?t}h ic
images), the situation represented will be earlger and earllef the ::,1-
one is from the centre. There will be an earlier photo P, in which the

- i i tl
*In Section 1.1. we ignored light travel time and so regarded hqnzont_al slices as exactly
simultaneous. Tiiis wilgl be a gc%:d approximation for slowly moving objects considered at
everyday time and length scales.
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situation at the central point is depicteq Bt the:
will lie below Py in the stack (because Jate, he time . thi
ones). It follows that exact surfaces of Simul?;ogfaphs lie :g’homgmh
(e.g. ; is constant) will be lowest at the cepgye ;elty in the SOve “flii,
moves from the centre to the edge (Fig, 1.1 1c) nd wijj cume[:]acﬂtimﬂ

To correct this, i.e. to obtain a space-time Pag gy
horizontal sections are indeed exactly simultansgesen L e
space—time, one will h.ave to distort the Photogra ‘;15 S€Ctiong (]fhl
bending their outer regions downwards before stackrj)ns Of the Pong ];E
them together (Fig. 1.11d). One could in this way a%tham ang fusin}'
travel time, and obtain a space—time picture COHEC*;W for e Iigh%
simultaneity as exactly horizontal surfaces. / represemmg

In this particular case, the effect is negligible in Practice,

5 . + N0wey, :
will not always be true. Consider, for example, the delays impji er,
the centre to the edge of thq photographic image where ap obfelrid from
spacecraft photographs the disc of a galaxy from a distance of 3 g(;,rhm&
years above the centre of the galaxy. If the galaxy has a radiys ofm%g
light years, the delay represented in the photograph will be 20000 yeays
i.e. the situation at the centre will be depicted 20000 years after hyy

the edge of the disc.

re!“ﬁui@

tation

Light rays in space-time

In flat space, light travels in straight lines; as it trave.}s at the constant
speed ¢, the path traced out in space—time by light‘ (strictly, by a phoron,
that is, a light particle) will also be a straight line. Each light o
space—time represents travelling a distance d in a time ¢ given by t=dl,

i« used to represent the speed of light (50
where the symbol ¢ 1s u p oy

¢ =3x10"cm/sec). For example, if a light ray Is P
direction at the event O with coordinate values x =y =2 = 0 ik i i
then in 1 second it will be at the position x = 1c em=3x10"¢

y =z =0; at the time ¢ = 2 seconds, it
6% 10" cm with y =z =0; and so on

ts

will be at the position X =2ccm=
(Fig. 1.12a). I

t is convenient 0

(sec)
4 light
o ray

1 <

—_—

0

T —TTT > X

123458678239 +'%m
(a) : ; (b) t

; iccl at e
:‘;S;:}-u (2) A light ray travelling in x-direction after emésilfz %) F ;agw[
li E £=0). Its space-time position is shown at t=1an +h_units 0
8 ray depicted using a spatial coordinate xX=x/c W
seconds).




1.2 Causality and the speed of light 19

y s
Pl \Iight rays
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/*g et
L~ (a)

y \W<iij/:
Xriys

X

(b)

Fig. 1.13 (a) Parallel light rays in a three-space with coordinates (x, y, Z).
(b) These rays are represented by parallel straight lines in space-time.

measure spatial distances in terms of coordinates X=xlc; Y=ylc,
7 =z/c which are just the previous spatial coordinates divided by the
speed of light; they are the same distances but measured in terms of
‘light-times’ (light-seconds, light-years, etc.). Then in 1 second the light
would be at the position x=Ilcem, y=z= 0, so X=
(1c cm)/(c em/sec) = 1 light-second, Y = Z = 0; at the time ¢ = 2 seconds,
i will be at the position X = (2ccm)/(c cm/sec) =2 light-seconds,
Y=2Z=0; and so on. At an arbitrary time /, it will be at the position
X =(ct)/c =t light-sec, Y =Z =0 (Fig. 1.12b). The relation between this
and the previous representation is easily obtained on remembering that 1
light-second = (1 sec) X (c cm/sec) =3 X 10 cm =300 000 km.  Another
way of thinking of the coordinates X, Y, Z is that when they are used, we
have effectively chosen units of measurement for spatial distances so that
the speed of light is 1 (because then light travels a distance of 1 light-
second in 1 second, etc).

In flat space, initially parallel light rays never meet each other because
the spatial distance between them stays constant (Fig. 1.13a); conse-
quently in space—time diagrams, they are represented by parallel straight
lines that remain a constant distance apart (Fig. 1.13b). We shall see later
that this is not true in a curved space—time.

The light cone and causal regions

The future light cone of an event O is the set of all light rays through that
event (Fig. 1.14). This represents the space—time paths of light rays
flrlmtted in all directions from that place and time. It may conveniently be
; i;)_}_lg_ht of as the history in space—time of a flash of light emitted in all

€ctions at the position and instant corresponding to the event O; thus
ONETan imagine a flash bulb going off at this place and time, resulting in
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»t light rays

Fig. 1.14 The future light cone of the event O is the set
8 light rays through O. of all fUtUrE-dirEcted

preading out in all directions at the speed of ligh
time ¢ after the flash was emitted, the light forms a sphere at d.t' At
d =ct from the source position (Fig. 1.15a). For definiteness I?tance
assume the event O is (x=y=2z=0,t=0). B
It is difficult to represent the full light cone in a diagram, so we restri
our attention to a fixed value of z, say z =0, obtaining the projectionng
this spreading light in 2 two-dimensional plane. The light will spread out
circularly in this plane, which is described by coordinates x and y. This is
exactly analogous to the spherical wave in the pond (Example (B)
above). By exactly the same reasoning as used in that example (leading
to Fig. 1.5¢), a three-dimensional space-time diagram representing the
spread of the light will show the wave front as a cone originating at
(x=y=0, t=0) and with radius ct at time ¢ (Fig. 1.15b). As the future
light cone of the event O obtained in this way represents light travelling
out in all directions from the emission event O, it is generated by all the
future light rays that pass through O.
To represent this situation in a clear, standard way, it is convenient to
use the coordinates X =x/c, Y= yle, Z=1z/c introduced above. Their

a sphere of light s

future light
cone of O

(b)

Fig. .15 () As . : b) Represe"*'

: phere of light spreading out from a flashbulb. (X T

ation of the spherical light wavepin a th?ee-dimensional space-time diagr
giving the future light cone of O-



1.2 Causality and the speed of light 21

ss¢ has the advantage that in these units the spatial distance travelled is
equal tO the time elapsed (the eﬁectwe speed of light is 1); for example,
Jfter a time of 1 second, the light has spread to a sphere of radius 1
light-secon_d. Consequgntly the light cone makes an angle of 45° with the
vertical axis, representing the fact that a unit horizontal distance in these
diagrams 1S traversed in a unit time; this makes it particularly easy to
draw the light cones when these units are used (Fig. 1.15b was drawn
using this conventiog).

It is often convenient to restrict our attention even further to a fixed
value of Y (say Y =0) as well as a fixed value of Z. The light then
spreads out In a 'one-dnmensional space with X as the spatial coordinate
(this situation might be realized, for example, if a pair of optical fibres
convey the light from the flashbulb in the positive and negative X
directions, Fig. 1.16a). The corresponding two-dimensional space—time
diagram shows the light emitted from the event O as travelling on lines at
+45° to the ¢ axis (Fig. 1.16b); these are the two light rays through O,
because such lines are precisely those in which a unit (vertical) change in
time corresponds to a unit (horizontal) change in distance. This diagram
is a two-dimensional section (with one time and one space dimension
represented) of the three-dimensional Fig. 1.15b (representing one time

bulb
light light
a D @ o D
T [ . I
fibre b e fibre
(a)
t
future
light cone
light ray /g
o |4 5' /.\
45+ 43/ light ray
i} X
past
light cone
(b)

Fi5~. 1.16 (a) Light spreading from a flashbulb one-dimensionally along

Optical fibres. (b) Representation of these light rays in a two-dimensional

Space-time diagram, generating the future light cone of O. The past light
cone of O (i.e. light rays converging to O) is also shown.
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e dimensions). In this diagram we haye -

rays to the past of O; the light rays converging op Oeg-ied the ligh

generate its pas-f_hght cone, representing converging light M the pagt

arrive at the position (fo=Y=si= 0) at the time ¢ = Pulseg thay
The importance of the light cone of any event deriyeg fro

that it limits the region of space—time which can be causally affm the faqy

that event. For example, suppose President Lugarney ected from

: of Tr
receives information at noon that at 3:00 p.m. a nuclear missife“?:l:ama

launched towards his castle on the earth from a secret bage on M
nstantly presses the button firing his Super-Z lasers at the base 0ars.
but he is too late: the energy bolts he has released, travelling at thn Mars,
of light, will take 4 hours to reach Mars and so will destroy thee Speed
launching pad 1 hour after the missile has left. Let the event whl:Ocket
receives the information be O; this event (specified by a time ang Sre he
position) is then noon at his castle. The light cone of O is depicted i;l: ?:ti'al
1.17, where, for convenience, time is measured in hours from Q angci
spatial distances in light-hours from O (so O has the coordinates =
X =0). Then the event where the missiles are to be launched is P, givﬂ;
by t =3, X =4. The light cone clearly shows that the laser beam emitted
at O will arrive at Mars too late to influence P. One cannot influence P
from O, because it is outside O’s light cone.

The reason for this limitation, of course, is the limiting nature of the
speed of light. The angle of a particle’s world-line in space—time from the
vertical depends on rate of change along the world-line of spatial distance
with respect to time, and so represents the speed of motion of the particle
relative to the chosen coordinate system (Fig. 1.18). Therefore, the
limiting nature of the speed of light means that no world-line can make a
greater angle with the vertical than the light cone; using the coordinates
(X, Y, Z), no world-line can make an angle larger than 45° with the
vertical axis. Further, one can only send light or radio signals from any
event to events on its future light cone. Considering this, it becomes clefar
that an observer at an event O cannot influence any event that lies
outside the future light cone of O (to do so would involve causally
influencing events along paths representing motion at speeds greater than
the speed of light). This is a fundamental limitation on all communlca;
tion, implied by special relativity theory. It follows that given any cv;ﬂ
P, we may divide space—time into five distinct causal regions (_ng- 1'113)?:
The interior of the future light cone C*(P) is that region which cand of
influenced by objects travelling from the event P at less than the SPE:enals
light; the future light cone itself can be influenced from P by S]get of
g:‘:{:’t““_"g at the speed of light. The past light cone represef;t-‘iittﬁf ;rrivﬂ
" thz 1;1 Sl:fifiﬁ‘«*tln_lg from which signals sent at the speed I(’) Tgh i
e patial position and time represented by .?vent  ords the
ograph of an object taken at P, the light arriving at P re

ituatj . ; r past
Situation at the instant where the object’s world-line intersects 04 p

and two spac
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4 (light hours)
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missile
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t =0 i [ 7 4%—
castle ]fires bolt base
[EARTH] IMARS]

(b)

Fig. 1.17 (a) A space—time diagram showing the event P (t =3, X = 4) where
missiles are launched from Mars towards the Earth. At the time t =0 on the
earth (at X=0), it is already too late to prevent the launching of these
missiles; this is because a laser pulse emitted at this event O will reach Mars
at the event R (t=4,X=4), an hour after the missiles were launched.
(b) Depiction of this series of events by a sequence of instantaneous spatial
views. At t =0, the castle fires a bolt towards the missile base; at t =3, the
base fires a missile while the bolt is still a light-hour away from it; at t =4, the
base is destroyed but the missile is on its way to the castle. Note the direct
correspondence between these spatial views and the space-time diagram.
The reason event P cannot be influenced from event O is because P is
outside O's future light cone (the light ray OR lies on this light cone).

light cone (Fig. 1.20); the camera necessarily records the resulting time
delays (as in the cover photograph). The interior of the We
C™(P) is the region in space-time from which the event P can be
influenced by objects travelling at less than the speed of light. The
exterior of the light cones is the region which cannot be influenced by P
and which cannot influence P.

One can illustrate the latter feature by considering a particular event
on the surface of the Earth, when an astronaut on the Moon is observed
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Fig. 1.18 A straight world-line passing through O and p represe
relative to the reference frame (t, X) at a speed v in the X-directionr?ts m
it is at position X =x/c = vt/c. The angle & of this world-line tq the at ti

given by tan a = X/t =v/c. For a light ray, v =c and tan e }'reru

Otion
me ¢,
cal is

through an ultrapowerful telescope. Suppose that at this time one were t

observe a boulder rolling down a slope towards the astronaut. Since ligh{:
takes 1.27 seconds to reach the Earth from the Moon, we are observing
an event 1.27 light-seconds away and 1.27 light-seconds to the past, on
the past light cone (Fig. 1.21). It is already too late to radio a warning to

Future
of P

ctp)

Past
of P

Fig. 119 T i A )
8 he future and past light cones C*(P), C (P) of and the past

an event P

g?t;;rm}i]"e.the future of P (the interior of the future light cone),
(the interior of the past light cone). Events outside these
cannot be influenced from P or influence what happens there.

light cones
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Fig. 1.20 A photograph taken by observer A at the event P depicts the event
R in B’s history, where B’s world-line intersects the past light cone of P.

the astronaut if the boulder will take 2 seconds to reach him, because the
event where the bolder will reach him is outside the causal future of the
reception event. Given the restrictions on communication resulting from
the limiting nature of the speed of light, there is no method of sending a
warning signal in time.

The causal limitations discussed here are fundamental, but will not
significantly affect ordinary everyday life in an obvious way because the
speed of light is so large: in the context of cars, aircraft, etc. on or near

Earth Moon
~ ~
N /
ctio /~cto
\ y
\ “, - b

Fig. 1.21 The past and future light cones of an event O in the history of an

observer A on the Earth, who (at the event O) sees event e (a threatening

boulder starting to roll down) in the history of an astronaut B on the Moon.

Observer A immediately sends a warning signal to B; but this arrives at event

r, after the boulder has just hit the astronaut at the event b in his history.

Because b is outside the future light cone of O, the observer at O cannot
: influence what happens there.
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the Earth, the resulting delays ip com .f}f

y become significant either when large dis;numcath
an

the surface Of
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igible. The
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are involved, or if the time-scales involved in some Process

the speed of light is a significant limiting factor.
supercomputers: anlultlmatf{ limit is 1ml§)osed on their POSsible

calculation because information cannot be conveyed frop, i SPeeg
computer t0 another at speeds greater than the speed of “ght‘Ptar.: Of the

One ¢y,

the number of calculations that can be performed per Seconh limjjg
reason, distances between their components must be kept Sn'la"c:r this
5 thyg

supercomputers of the future will be small machines.

Exercises S T

1.6 A satellite takes survey pictures of a square region of the Earth, 800y, .
width, from 300 km. above the Earth’s surface. What is the delay from’ km i

of the image to the edge? (Regard the Earth’s surface as flat in order ¢

the calculation).
« 1.7 Suppose that a ‘mind reader’ in London claims to know wha his twip

brother in New Zealand says at any moment, within less than one-hundreg, of
second after a word is uttered. Is there anything extraordinary about thjg ciaimg
[The radius of the Earth is about 6000 km.] '
+ 1.8 A rocket R moves in the z direction relative to an observer A on Mars, at
a speed v where v/c = }; their positions coincide at ¢ 5 0. Plot the world-lines of
A and R in a (¢, Z) diagram. The rocket emits light signals in both the forwarg
and backward directions at =2 sec; draw the corresponding light rays in your
space-time diagram. The observer A signals to the rocket at the time ¢ =1 sec;
what is the earliest time he can expect to get a reply? [All distances and times are
measured in the reference frame of the observer A.]
1.9 Draw a diagram to illustrate the fact that the ‘past’ (i.e. the past light cone
and its interior) of any point P on any world-line, always includes the ‘past’ of any
earlier point Q on that world-line. Interpret this result in physical terms.

O simplify

Computer Exercise 1
Write a program that will either (a) take as input a spatial distance D (in ﬂ:lilﬁs or
km) and give as output the time T (in seconds, minutes, or hours) for light to
travel that distance; or (b) take as input a light travel time T, and give as output
the corresponding distance D. Try the program for suitable distances on the
Earth, and in the solar system. _
Now alter the program to print out additionally the rescaled distance
D1=D/c, where c is the speed of light. Notice the simplification achieved. [Thl;
corresponds to use of coordinates X, ¥, Z discussed above, for which the spee
of light is unity. Your output should always state the units of time and distance

being used. ]
o g
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3 Relative motion in special relativity
n relativé

We have see wo observe '
n that €ven i 1 rs
in Newtonian theor Y, t S have also

motion wil]_ ; i :
will, in general, have different views of space—time. We



